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We consider in this paper the optimal dividend problem for an in- 
surance company whose uncontrolled reserve process evolves as a clas- 
sical Cramer-Lundberg process. The firm has the option of investing 
part of the surplus in a Black-Scholes financial market. The objective 
is to find a strategy consisting of both investment and dividend pay- 
ment policies which maximizes the cumulative expected discounted 
dividend pay-outs until the time of bankruptcy. We show that the 
optimal value function is the smallest viscosity solution of the as- 
sociated second-order integro-differential Hamilton-Jacobi-Bellman 
equation. We study the regularity of the optimal value function. We 
show that the optimal dividend payment strategy has a band struc- 
ture. We find a method to construct a candidate solution and obtain 
a verification result to check optimality. Finally, we give an example 
where the optimal dividend strategy is not barrier and the optimal 
value function is not twice continuously differentiable. 

1. Introduction. A classical problem in actuarial mathematics is to max- 
imize the cumulative expected discounted dividend pay-outs. In the Cramer- 
Lundberg setting, this optimization problem was introduced by De Finetti 
(1957); Gerber (1969) proved the existence of an optimal dividend payment 
strategy and showed that it has a band structure. The cumulative expected 
discounted dividend pay-outs is a way to value a company as it can be seen, 
for instance, in the classical paper by Miller and Modigliani (1961) for the 
deterministic case and more recently in Sethi, Derzko and Lehoczky (1984a, 
1984b) and Sethi (1996) for the stochastic case. 

In this paper we consider this optimization problem in the classical Cramer- 
Lundberg setting, but we allow the management the possibility of control- 
ling the stream of dividend pay-outs and of investing part of the surplus in 
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a Black and Scholes financial market. We impose a borrowing constraint: 
short-selling of stocks or to borrow money to buy stocks is not allowed. 
Technically, the unconstrained optimization problem is simpler. 

Azcue and Muler (2005) consider the problem of maximizing the cumula- 
tive expected discounted dividend pay-outs of an insurance company when 
the management has the possibility of controlling the risk exposure by rein- 
surance. In this case, the optimal value function was characterized as the 
smallest viscosity solution of the first-order integro-differential Hamilton- 
Jacobi-Bellman equation, and the optimal dividend payment strategy was 
found. 

In this paper, the optimization problem is more complex than the one 
we treated before. One difference is that the associated Hamilton-Jacobi- 
Bellman equation is a nonlinear degenerate second-order integro-differential 
equation subject to a differential constraint. The possibility that the ellip- 
ticity of the second-order operator involved in this equation can degenerate 
at any point together with the fact that there is an integral term, makes it 
more difficult to prove the existence and regularity of solutions. However, 
when we obtain the solution of this operator in Section 6, we see that the 
ellipticity only degenerates at zero and so the degeneracy is not as serious 
as it could be (the solution turns out to be twice continuous differentiable) . 
Another difference is that, since in this case the controlled surplus involves 
a Brownian motion, there is not an optimal strategy. Nevertheless, we prove 
that the optimal value function can be written explicitly as a limit of value 
functions of strategies. So, we introduce the notion of limit dividend strate- 
gies and prove that the optimal limit strategy has a band structure. 

In a diffusion setting, which means that the surplus is modeled as a Brow- 
nian motion, different cases were studied; we can mention, for instance, As- 
mussen and Taksar (1997) for the problem of dividend optimization and 
H0jgaard and Taksar (2004) for the case of dividend, reinsurance and port- 
folio optimization. The main difference between the two settings is that the 
HJB equation in the diffusion case is a differential equation and not an 
integro-differential one. Other differences are that in the diffusion setting 
the optimal strategies are always barrier strategies, that there is a natural 
boundary condition at zero for the associated HJB equation and that this 
equation has always classical concave solutions; these properties might not 
occur in the Cramer-Lundberg setting. 

Avram, Palmowski and Pistorius (2007) study the problem of maximiz- 
ing the discounted dividend pay-outs when the uncontrolled surplus of the 
company follows a general spectrally negative Levy process in absence of 
investment. The HJB equation associated with this optimization problem is 
also a second-order integro-differential equation but its ellipticity does not 
degenerate. 
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In both, H0jgaard and Taksar (2004) and Avram, Palmowski and Pis- 
torius (2007), the corresponding HJB equations are second-order equations 
whose ellipticity does not degenerate at zero, so to characterize the optimal 
value function among the solutions of the HJB equation they use the nat- 
ural boundary condition at zero. In this paper, we do not have a natural 
condition at zero but we do not need this boundary condition because the 
ellipticity of the HJB degenerates at this point. The lack of a boundary 
condition at zero makes more difficult to obtain a numerical scheme. 

The main results of this paper are the following: 

In the first part of the paper, we obtain the optimal value function as the 
smallest viscosity solutions of the associated HJB equation, and we prove a 
verification theorem that allows us, since the optimal value function has not 
a natural boundary condition at zero, to recognize the optimal value function 
among the many viscosity solutions of the associated HJB equation. 

From Section 6 on, we assume that the claim-size distribution has a 
bounded density; this allows us to show that the optimal value function 
is twice continuously differentiable except possibly for some points. We find 
the optimal value function for small surpluses, and we prove that the op- 
timal strategy is stationary, that is, the decision of what proportion of the 
surplus is invested in the risky asset, and how much to pay out as dividends 
at any time depends only on the current surplus. We also prove that the 
optimal dividend payment policy has a band structure. In particular, the 
optimal dividend payment policy for large surpluses is to pay out immedi- 
ately the surplus exceeding certain level as dividends. We also obtain the 
best barrier strategy and show both an example where the optimal dividend 
payment policy is barrier as well as an example where it is not. The second 
example shows that, even for claim-size distributions with bounded density, 
the optimal value function could be neither concave nor twice continuously 
differentiable. 

This paper is organized as follows. In Section 2, we state the optimization 
problem and prove some properties about the regularity and growth of the 
optimal value function. In Section 3, we state the dynamic programming 
principle and show that the optimal value function is a viscosity solution of 
the HJB equation associated with the optimization problem. In Section 4, 
we prove the uniqueness of viscosity solutions of the HJB equation with a 
boundary condition at zero. In Section 5, we prove that the optimal value 
function is the smallest supersolution of the HJB equation and give a ver- 
ification theorem that states that a supersolution which can be obtained 
as a limit of value functions of admissible strategies is the optimal value 
function. In Section 6, we construct via a fixed-point operator a classical so- 
lution of the second-order integro-differential equation involved in the HJB 
equation. In Section 7, we use the solution obtained in Section 6 to obtain 
the value function of the optimal barrier strategy. In Section 8, we find the 
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optimal value function for small surpluses, show that the optimal strategy is 
stationary and prove that the optimal dividend payment policy has a band 
structure. In Section 9, we show some numerical examples. We have placed 
some technical lemmas in the Appendix to improve the readability of the 
main text. 

2. The stochastic control problem. We assume that the surplus of an 
insurance company in the absence of control of dividends payment and in- 
vestment follows the classical Cramer-Lundberg process; that is, the surplus 
X t of the company is described by 

N t 

(2.1) Xt=x+pt-jy u 

i=l 

where x is the initial surplus, p is the premium rate, Nt is a Poisson process 
with claim arrival intensity /3 > and the claim sizes Ui are i.i.d. random 
variables with distribution F. We assume that the distribution F has finite 
expectation \x and satisfies F(0) = 0. 

We consider that the financial market is described as a classical Black- 
Scholes model where we have a risk-free asset with price process Bt and a 
risky asset with price process St satisfying 

fdB t = r B t dt, 

\dSt = rS t dt + aS t dW t , 

where Wt is a standard Brownian motion independent to the process Xt. 
We consider for simplicity ro = 0. 

We define O as the set of paths with left and right limits and (£l,F, P) 
as the complete probability space with filtration (Ft)t>o generated by the 
processes X t and Wt- A control strategy is a process ir = (74, L t ) where 74 £ 
[0, 1] is the proportion of the surplus invested in stocks at time t, and L t 
is the cumulative dividends the company has paid out until time t. The 
control strategy {pft,Ltj is admissible if the process jt is predictable and the 
process Lt is predictable, nondecreasing and caglad (left continuous with 
right limits). 

We are considering the case where jt £ [0, 1] because we are allowing 
neither short-selling of stocks nor borrowing money from other sources to 
buy stocks. 

Denote by U x the set of all the admissible control strategies with initial 
surplus x. For any ir € n^, the controlled risk process Xf can be written as 

(2.2) X* = x+pt + r A7 7s ds + a X^ s dW s - - L t . 

Jo Jo „■_! 
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All the jumps of the process X* are downward, X£_ — X[ > if there is 
a claim at time t and Xf — X7 + > only at the discontinuities of Lf. We 
also ask ALt := L t + — Lt < Xf for any t > 0; this means that the company 
cannot pay immediately an amount of dividends exceeding the surplus. 

Given an admissible strategy 7r € H x , let r 71 " = inf{t > 0:X[ < 0} be the 
ruin time of the company, note that it can only occur at the arrival of a 
claim. We define the value function of it by 

(2.3) V 7r (x) = E x ( [ e~ cs dL 



where c is the discount factor. The integral is interpreted pathwise in a 
Lebesgue-Stieltjes sense. 

We consider the following optimization problem: 

(2.4) l/(x) = sup{K(x) with vren^} for x > 0. 

For technical reasons, we define V(x) = for x < 0. We restrict ourselves 
to the case c > r > 0; we will see in Remark 2.4 that in the case c < r, the 
optimal value function is infinite. 

To show that the optimal value function V is well defined and to de- 
scribe some of its basic properties, we first state some results of the related 
controlled risk process without claims and without paying dividends. 

Lemma 2.1. Given x>0 and any admissible investment strategy jt € 
[0, 1] consider the process, 

Y t = x + mt + r Y s j s ds + a Y s -y s dW s . 
Jo Jo 

(a) lfm>0, then E x (Y t e- ct )<e-( c - r ^(x + m(l-e- rt )/r). 

(b) If x > and t = inf{t : Y t < 0}, then lim^o P(t <h) = 0. 

(c) //7f = l, then E x {Y t e-~ ct ) = e~( c ~ r ^(x + m(l — e~ rt )/r) for any m G R. 

Proof. We can write Yt = xllt + Ut f Q mil' 1 ds where 

(2.5) U t = e fo( r -y s -<T 2 /2-y 2 s )ds+f*a 7s dW s _ 

The process e Jo r " ya s Ut is a martingale [see, for instance, Karatzas and 
Shreve (1991)]. Then the results follow using elementary computations for 
linear diffusion processes. □ 



In the next two propositions, we prove that V has linear growth, and we 
give bounds on the increments of V using the value functions of some simple 
admissible strategies. 
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Proposition 2.2. The optimal value function V is well defined and 
satisfies 

x + p/((3 + c) < V(x) < rx/(c — r) + p/(c — r) for x > 0. 

Proof. Consider an initial surplus x > 0. Given any tt = (^y s ,L s ) € Tl x , 
consider the controlled process Xf for t > 0, and define = for t < 0. 
Then 

L s = L s -a ^ Xl lu dW u 
Jo 

<x+ps + r / X„ 7„ cfot - y~]Uj 
J o i=i 

< x + ps + r / A"^7„ (iu. 
JO 

Consider the process Yj defined as in Lemma 2.1 with m=p and the invest- 
ment strategy ^ s corresponding to tt. Since X[ < Yt, we obtain from Lemma 
2.1(a) that E x (X?e- ct ) < e'^^x + p(l - e - r *)/r). Since r < c and e" cs 
is a positive and decreasing function, we have that 

V 7T (x)=E x ( [ T e- cs dL s ) = E, 



<E X 



< 



e~ cs d(x+ps + r J X^diXj 

roc roo 

/ e~ cs pds + r / E x (e- cs X*)ds 
Jo Jo 



< rx I (c — r) + pj (c — r) . 

So V(a;) = sup 7reILx V w (x) is well defined and satisfies the second inequality. 

Let us prove now the first inequality. Given an initial surplus x > 0, con- 
sider the admissible strategy ttq which pays immediately the whole surplus 
x and then pays the incoming premium p as dividends until the first claim 
which in this strategy means ruin. Define t\ as the time arrival of the first 
claim; we have 

V W0 (x)=x + pE x U e~ ct dt^ =x + p/(f3 + c), 

but by definition V(x) > V no (x), so we get the result. □ 

Proposition 2.3. If y > x > 0, the function V satisfies: 

(a) V(y) - V(x) >y-x; 

(b) V(y) - V(x) < (e( c +Wy- x VP - l)V{x). 
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Proof, (a) Given e > 0, consider an admissible strategy ir G Il x with 
V 7r (x) > V(x) — e. We define a new strategy W € Yl y in the following way, pay 
immediately y — x as dividends and then follow the strategy ir £ H x ; this 
new strategy is admissible. We have that 

V(y) > V w (y) = V n {x) + (y - x) > V(x) - e + {y - x) 

and the result follows. 

(b) Given e > 0, take an admissible strategy ir S Tl y such that V K (y) > 
V(y) — e. Let us define the strategy W GH X that starting at x, pay no div- 
idends and invest all the surplus in bonds if Xf < y and follow strategy ir 
when the current surplus reaches y. This strategy is admissible. If there is 
no claim up to time to = (y — x)/p, the surplus X£ = y. The probability of 
reaching y before the first claim is e _/3i ° , so we obtain 

V(x) > V w (x) > K(y)e- (c+/3) *° > (V(y) - £ ) e -(^)(y-^/p 

and we get the result. □ 

As a direct consequence of the previous proposition we have that V is 
increasing and locally Lipschitz in [0, +oo), this implies that V is absolutely 
continuous, that V'(x) exists a.e. and that 1 < V'(x) < V(x)(c + f3)/p at the 
points where the derivative exists. We will prove later in this paper that 
V is continuously differentiable with bounded derivative and that the linear 
growth condition given by Proposition 2.2 can be improved to V{x) < x+p/c 
for x > 0. 

Remark 2.4. The value function V is infinite in the case that c < r. 
To see this, let us consider the worst possible case, that is p < /3fjb. We can 
assume that x > xq := (fin — p+l)/r>0 because, if the initial surplus x is 
smaller than xq there is a positive probability that the surplus surpass the 
level xq [take, for instance, the strategy which pays no dividends and keeps 
all the surplus in bonds up to time T = (xq — x)/p + 1]. Given to > 0, con- 
sider the following admissible strategy 7Tj € Tl x '■ divide the company in two 
departments, one of them deals only with the investment and the payment 
of dividends and the other with the insurance business. The investment de- 
partment starts with capital x, invest all the surplus on risky assets and 
diverts to the insurance department a constant flow po = f3[i — p + 1 up to 
time to A t\ when the whole surplus is paid as dividends. Here t\ is the first 
time the surplus of the investment department reaches zero. Let X t (1) be the 
surplus process of the investment department, we have that A" t ^ oA ~ > Y tAto 
where Yj is the process described in Lemma 2.1(c) with m = —po- The in- 
surance department starts with no surplus, pays no dividends and receives 
a constant flow po+p that is larger than fin up to time to A t\ A 75, where T2 
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is the ruin time of the insurance department (assuming that the insurance 
department keeps always receiving the constant flow po+ p)- The stopping 
time ?2 is independent of both t\ and the process Y t . Call r = to A t\ A T2 , 
the value function of this admissible strategy satisfies 



V nt0 (x) > ^(XW e - CT X{n>to^>to}) > ^(^ e- cio X{n> to ,r 2 > t o}) 

= ^(y to e- ct '> X{fl > to} )P({? 2 > t }) > E x (Y to e-^)P({r 2 = oo}), 



because Yj < for to >f\. We can compute the survival probability of 
the insurance department [see, for instance, Teugels (2003)] as P{{j2 = 
oo}) = 1 — (3fi/ (po +p) > 0. So, from Lemma 2.1(c), we conclude that V(x) > 
limt^oo V nto (x) = oo. 

3. The Hamilton Jacobi Bellman equation. In this section we associate 
a Hamilton-Jacobi-Bellman equation to the optimization problem (2.4) and 
we prove that the optimal value function V is a viscosity solution of this 
equation. 

The notion of viscosity solution was introduced by Crandall and Lions 
(1983) for first order Hamilton-Jacobi equations and by Lions (1983) for 
second-order partial differential equations. Nowadays, it is a standard tool 
for studying HJB equations [see, for instance, Fleming and Soner (1993) and 
Bardi and Capuzzo-Dolcetta (1997)]. 

We first state the dynamic programming principle; the proof is similar to 
the one in Azcue and Muler (2005). 

Proposition 3.1. For any x > and any stopping time t, we can write 



The HJB equation associated to the optimization problem (2.4) is the fol- 
lowing fully nonlinear second-order degenerate integro-differential equation 
with derivative constraint: 




(3.1) 



max{l — u'(x),C*(u)(x)} = 0, 



where 



(3.2) 



C*(u)(x)= sup £ 7 (u)(x) 
-ye [o,i] 



and 



Cy(u)(x) =a 2 -f 2 x 2 u"(x)/2 + (p + r-/x)u'(x) 



(3.3) 
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This equation is obtained assuming that the optimal value function V is 
twice continuously differ entiable. We will show in Section 9 that this is not 
always the case, so we consider viscosity solutions of this equation. 

Definition 3.2. A continuous function u:[0, oo) — > R is a viscosity 
subsolution of (3.1) at x € (0, oo) if any twice continuously differentiable 
function ip denned in (0, oo) with ip(x) = u(x) such that u — ip reaches the 
maximum at x satisfies max{l — ip'(x), C*(ip)(x)} > 0, and a continuous 
function n:[0,oo) — > R is a viscosity supersolution of (3.1) at x € (0,oo) 
if any twice continuously differentiable function tp defined in (0, oo) with 
<p{x) =u{x) such that u — ip reaches the minimum at x satisfies max{l — 
p'(x),C*(<p)(x)}<0. 

Finally, a continuous function u : [0, oo) — > R is a viscosity solution of 
(3.1) if it is both a viscosity subsolution and a viscosity supersolution at any 
x £ (0, oo). 

In addition to Definition 3.2, there are two other equivalent formulations 
of viscosity solutions. The proof of the equivalence of these definitions is 
standard [see, for instance, Benth, Karlsen and Reikvam (2002)]. We use 
the three definitions indistinctly. 

Definition 3.3. Given a twice continuously differentiable function / 
and a continuous function u, let us define the operator, 

£>, f)(x) = a 2 7 2 x 2 f"(x)/2 + (p + nx )f'(x) 

- (c + (3)u(x) + (3 u(x-a) dF(a). 



Jo 

A continuous function u:[0,oo) —¥ R is a viscosity subsolution of (3.1) 
at x G (0, oo) if any twice continuously differentiable function ip defined 
in (0, oo) such that u — ip reaches the maximum at x satisfies max{l — 
^ / (x),sup 76 r 01 ] >C 7 (n, ip)(x)} > 0, and a twice continuous function u : [0, oo) —¥ 
R is a viscosity supersolution of (3.1) at x G (0, oo) if any twice continuously 
differentiable function (p defined in (0, oo) such that u — ip reaches the min- 
imum at x satisfies max{l — tp'(x), sup 76 [ 0j i] £ 7 (u, ¥>)(x)} < 0. 

Definition 3.4. Given any continuous function u : [0, oo) — s> R and any 
x > 0, the set of second superdifferentials of u at x is defined as 

, . (,, . , , , uix + h) — u(x) — hd — h 2 q /2 
D + u(x) = { (d,q) such that limsup-^ — < 

and the set of second subdifferentials of u at x is defined as 

f._ . uix + h) — u(x) — hd — h?a 12 
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Let us call 

£ 7 (u, d, q)(x) = a 2 j 2 x 2 q/2 + (p + rjx)d — (c + /3)u(x) 

+ /3 [ u(x - a)dF(a). 
Jo 

A continuous function u : [0, oo) — s> R is a viscosity subsolution of (3.1) at 
x€(0,oo) if max{l — d, sup 7e [ 01 ] C 7 (u, d, q){x)} > for all (d,q) £ D + u(x) 
and u : [0, oo) — > R is a viscosity supersolution of (3.1) at x G (0, oo) if max{l — 
d, sup 7e r 01 i C~f(u, d, q)(x)} <0 for all (d,q) GD~u(x). 

The next proposition states the semiconcavity of the viscosity solutions 
of the HJB equation. 



Proposition 3.5. Any absolutely continuous and nondecreasing super- 
solution of C*[u) = in (0,oo) is semiconcave in any interval [xq,xi] C 
(0,oo). 



Proof. It is enough to prove that there exists a constant K and a 
sequence of semiconcave functions v n in [0, xi] such that v" < K a.e. and 
v n ^fU uniformly in [0, x\]. 

Since u is an absolutely continuous function, there exists &o > 1 such that 
\u(x) — u(y) \ < ko\x — y\ for all x, y G [0, xi]. Let us define, for any x € [0, xi], 

(3.6) v n {x)= inf {u(y) + n 2 {x-y) 2 /2}. 

ye[0,xi] 

It can be proved, as in Lemma 5.1 of Fleming and Soner (1993), that v n 
is semiconcave and the inequality < u(x) — v n (x) < 2k 2 . /n 2 holds for all 
x € [0, xi], so v n — >■ u uniformly. We have that if x + h < x\, then v n (x + 
h) — v n (x) < koh for h < x\ — x. In effect, take yo & [0, x\] such that v n (x) = 
u(yo) + n 2 (x — yo) 2 /2, we have 

v n (x + h) - v n (x) < {u(y + h) + n 2 (x - y ) 2 /2) - (u(y ) + n 2 (x - y ) 2 /2) 

= u( yo + h) -u(y ) 

< koh. 

Since v n is semiconcave, the set 

A = {x £ [0, xi] : v' n {x) and v"(x) exist for all n G N and F(x) = F(x~)} 

has full measure. 

We want to prove that 

(3.7) v'nix) <8(c + (3)u(x 1 )/(a 2 xl) in[x ,xi]nA 



OPTIMAL INVESTMENT POLICY AND DIVIDEND PAYMENT STRATEGY 11 

Take x€ [xq,xi] C\A, and consider y n € [0, xi] such that 

(3.8) v n (x)=u(y n ) + n 2 (x-y n ) 2 /2. 
It can be proved that 

(3.9) xo/2<y n <x and x — y n <2kQ/n 2 . 
By (3.6), we have 

v n (x + h) <u(y n + h)+n 2 (x-y n ) 2 /2, 

so we obtain from (3.8) that 

lim inf u(y n + h)- u(y n ) - hv' n (x) - h 2 v'^(x)/2 
/i->o h 2 

> Hm inf v n{x + h) - v n (x) - hv' n (x) - h 2 v'^(x)/2 _ Q 
~ h->0 h 2 

Then we have that (v' n (x) , v"(x)) € D~u(y n ). 

Since u is a viscosity supersolution of (3.1) at y n , we have from Definition 
3.4 that 

(3.10) A(n,<(*),<(x))(y n )<0. 

If i%{x) < 0, inequality (3.7) holds, and if <(z) > 0, from (3.9) and (3.10) 
we get that 

a 2 x 2 v^(x)/8 < a 2 y 2 v'^(x)/2 < (c + f3)u(y) < (c + p)u{x x ) 
and so we have (3.7). □ 

The next proposition states that the optimal value function of our control 
problem is a viscosity solution of equation (3.1). We will show in the next 
section that this result is not enough to characterize univocally the optimal 
value function. 



Proposition 3.6. The optimal value function V is a viscosity solution 
of (3.1) in (0,oo). 

Proof. We prove first that V is a viscosity supersolution. Let us call t\ 
and U\ the time and the size of the first claim. For fixed Iq > and 70 € [0, 1], 
consider the admissible strategy ttq = (70,^0) £ fix- 

Assume first that Iq > p. Given any h > 0, consider the process Y t defined 
in Lemma 2.1 with m = p — lo and 74 = 70. Let us consider r = inf{t : Yj < 0}. 
Using Proposition 3.1 with r = T\ A h, we obtain that 

(3.11) Vix) > E x (^ TAT ° e~ c % ds + e-< TAT ^V(X^ )) . 
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Note that r A T n ° = r A r , so we have 



E x (J^ e~ c % ds^j > E x [x{r<r } J* e~ c % ds^j 
(3.12) = E x QT e~ c % ds^j - E x (x{r<r} £ e~ c % ds^j 



> 

and 



E x (J e- cs l ds^j - hl P(T < h) 



E x {e~ c ^V{X^)) 

= E x { X{T <r } e- CT V{X^)) + E x ( X{ T <T} e-^V(0)) 
= E x ( X{T1J , T <r } e- ch V(Y h )) + E x ( X{T1=T <r } e~ c ^V(Y Tl - I7i)) 
+ E x ( X{ r <r} e-^V(0)) 

(3.13) 

> E x ( X{Tl ^ r} e- ch V(Y h )) - E x (x {T1 ^ T> r } e- ch V(Y h )) 
+ E x ( X{T1=T} e-^V(Y Tl -U 1 )) 

-^(X { r F r>^" CTl ^-[/l)) 

> E x ( X{Tl ^ T} e~ ch V(Y h )) + E x ( X{Tl=T} e^V(Y Tl - ^)), 

because V(y) = for y < and Y T — C/i < Y T < for r > r. Then, from 
(3.11), (3.12) and (3.13), we get that 

V(x) > l (l - e- h ^)/(c + P) - hl P(r <h) + e~^ h E x (V{Y h )) 
(3-14) h 

+ J QH E X (V X (Y S - a)) dF(a)^j e~^> ds. 

Assume now that Iq < p, we obtain with a simpler argument that 
V(x) > l (l- e - h ^)/(c + P)+e-^ h E x (V(Y h )) 

(3.15) 

f h 



+f3 L Uo° Ex(y(Xs ~ a)) dF{a) ) e " (c+/3)s ds - 

Dividing by h, we get from (3.14) and (3.15) that 

> Z (l - e- h ( c+/3) )/((c + p)h) + e- h ^ +c \E x {V(Y h )) - V{x))/h 
+ (e- h{c+(3) -l)V(x)/h 

+ (J3/h) £ QT° E X (V(Y S -a)- V(x))dF(a)\ e~^ s ds 
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+ V(x)(p/h) / e~ (c+ P )s ds - l P(r < h) 
Jo 

and so 

> (1 _ e - h( - c+ V)l /((c + 0)h) + e- h ^ +c \E x (V(Y h ) - V(x)))/h 

+ c{e- h ^fi-\)V{x)/{{c + p)h) 
(3-16) h 

+ (fi/h) J o E X (V(Y S -a)- V{x)) dF(a)^j e~^> ds 

-l P(r<h). 

Let (p : (0, oo) — > R be a twice continuously differentiable function such 
that V — if reaches the minimum in (0, oo) at x with <p(x) = V(x). Since 
x > 0, we can assume without loss of generality that (p is defined in R and 
that (p(y) < for y < 0. From (3.16) we get 

> (1 _ e -M°+0)fo/(( c + flfc) + E x (ip(Y h ) - p(x))e- h ^/h 

+ c(e- h <f+ft -l)V{x)/((c + P)h) 

(3.17) 

eh / poo 



J (J" E X (V{Y S -a)- V{x)) dF{a)^ e~^ s ds 



+ W/h) 
-l P(r<h). 

But, since <p is twice continuously, we get, from Ito's formula, 

<p(Y h )-<p(x) = [ h V '(Y s )dY s + (a 2 ^/2) [\"(Y s )Y 2 ds 



(3.18) =/ ^'(Y s )(( P -l ) + no Y s ) + i p"(Y s )Y 2 a 2 1 2 /2)ds 

Jo 

+ / p'{Y s )a l0 Y s dW s . 
Jo 

Note that the last term of (3.18) is a martingale. Letting h go to + in 
(3.17), we obtain from Lemma 2.1(b) and (3.18) that 

0>l (l-p'(x)) 

+ ^a 2 j 2 x 2 cp"(x)/2 +(p + r>y x)(p'(x) 

-(/8 + c)V(x) + P [ V(x-a) dF(a)) . 
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Since this inequality holds for all Iq > 0, we have that (f'(x) > 1, and taking 
lo = we get £ 7o (V, <p){x) < 0, so 

max] 1 — ip'(x), sup £ 7 (V, <p)(x) > < 

1 76[0,1] J 

and we have the result. 

The proof that V is a viscosity subsolution at any x > is similar to the 
one of Proposition 3.8 of Azcue and Muler (2005), but in this case we should 
also consider a martingale that involves the Brownian motion Wt- □ 

From Propositions 3.5 and 3.6 we get the following corollary. 

Corollary 3.7. The optimal value function V is semiconcave in any 
interval [xq,x\] C (0,oo) and so V" exists a.e. 

4. Comparison principle for viscosity solutions. We prove in this section 
a comparison principle for viscosity solutions of (3.1), and as a consequence 
we obtain the uniqueness with the boundary condition u(0) among all the 
functions u which satisfy the following regularity and growth assumptions: 

(A.l) u : [0, oo) — > R is locally Lipschitz. 

(A. 2) If < x < y, then u(y) — u(x) > y — x. 

(A. 3) There exists a constant k > such that u(x) < x + k for all x € 
[0,oo). 

Proposition 4.1. If u is a subsolution andu is a supersolution of (3.1) 
in (0, oo) with u(0) <u(0) and they satisfy the conditions (A.l), (A. 2) and 
(A. 3), then u < u in (0, oo). 

Proof. The first part of this proof is similar to the proof of Proposition 
4.2 of Azcue and Muler (2005) although in this case we should also use 
the tools provided by Crandall, Ishii and Lions (1992) to prove comparison 
principles for second-order differential equations and adapt them to integro- 
differential equations. 

Assume that u{xq) — u(xq) > for some point xq > 0. It is straightforward 
to show that the functions II s (x) = su(x) with s > 1 are also a supersolution 
and satisfy II s (0) > u(0) . If ip is a continuously differentiable function such 
that the minimum of u s — (p is attained at xq then 1 — (f'(xo) < 1 — s < 0. 
Let us take sq > 1 with u(xq) — u s °(xo) > and define 

(4.1) M = sup(u(x) -u S0 {x)). 

x>0 

From assumptions (A. 2) and (A. 3) we obtain, as in Proposition 4.2 of Azcue 
and Muler (2005), that 

(4.2) 0<u(x ) -u so (x ) <M= max(u(x) -u s °(x)), 

xe[o,b] 
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where b = k/(so — 1). Call x* = argmax x& f ^](u(x) — u s °(x)). Since u(x) and 
u s °(x) satisfy assumption (A.l), there exists a constant m > such that 

u(xi) -«(sc 2 ) M so (a:i) - « S0 (a;2) , 

(4.3) < m, < m 

X\ —X 2 X\- X2 

for < X2 < x\ < b. 
Let us consider 

A={(x,y):0<y<b,0<x<y} 
and for any A > the functions 

(4.4) $ A (.x, y) = A(x - yf/2 + 2m/(X 2 (y - x) + A), 

(4.5) Z\x,y) = u(x)-u s °(y) - $ X (x,y). 

Calling M\ = max^E^ and (x\,y\) = argmaxyiE^, we obtain that M x > 
T, x (x*,x*) = M — 2m/\ and so, from (4.2) we get that M x > for A > 4m /M 
and 

(4.6) liminfM A >Af. 

A— s-oo 

Since (x\,y\) € A, we have that 

(4.7) y\>x x . 

As in Proposition 4.2 of Azcue and Muler (2005), we can show that for 
any A > Ao = max{2m/<5, 4m/M} the point (x\,y\) £ dA. 

Using Theorem 3.2 of Crandall, Ishii and Lions (1992), it can be proved 
that for any 5 > 0, there exist real numbers A$ and B$ such that 

(4.8) (^(x x ,y x ),A 8 )eD + u(x x ) 
and 

(4.9) (-^(x x ,y x ),B 5 )£D-u s (y x ) 
with 

(4.10) DH\x x ,y x ) + 5{DH\x x ,y x )f-( A t i)> f ° ° 



-B s ) ~ \0 

where D 2 Q X corresponds to the matrix of second derivatives of <£ A , and D + 
and D~ are defined in Definition 3.4. The inequality in (4.10) means that 
the matrix on the left-hand side is positive-semidefinite. So, we obtain from 
(4.8) and (4.9) that 

(4.11) maxjl - ^(x x ,y x ), sup £ 7 (u, $ A (x A , y x ), A s )(x x )\ > 

L 76[0,1] J 
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and 

(4.12) max{l + ^(x A ,y A ), sup C 1 {u s °,-^(x x ,y x ),B s )(y x )} <0. 

1 76[0,1] J 

From (4.10), we obtain that 
A 6 x\ - B 5 y\ 

(4.13) <((A + (4mA)/(A(y A -x A ) + l) 3 ) 

+ 25{\ + (4mA)/(A(y A - x x ) + lff)(x x - y x f . 
We also have from (4.4) that 

(4.14) $x(x\,Vx) + *i(xx,Vx) = 
and 

(4-15) 

= A(x A -y A ) + 2ra(:r A - y A )/(A(y A - x A ) + 1) . 

But (-$$(x\,y\),B s ) € D'u s {y x ), so we obtain that -<£> A (x A ,y A ) > s > 1, 
and so we conclude from (4.11) and (4.14) that 

(4.16) sup C J {u,^{x x ,y x ),A s )(x x )>0. 

7€[0,1] 

Therefore, taking 7 A = argmax£ 7 («, $ A (x A , y x ), Ag)(x x ) we get from (4.12) 
and (4.16) that 

< £ 7A (u, $ A (x A , yx ),A s )(x x )- £ 7A (u s ° , -^{x x ,y x ), B s )(y x ) 

and so 

(c + f3)(u(x x )-u S0 (y x )) 

<a 2 7 2 x (A s x 2 x -B 5 y 2 x )/2 

(4.17) + P (^(x x ,y x ) + ^(x x ,yx)) 

+ r 7A ($ A (x A ,y A )x A + $ A (x A , y x )y x ) 

+ /3(y u(x x -a)dF(a) - J u s °{y x - a) dF(a) 

Using the inequality 

£ A (x A , x x ) + £ A (y A , y x ) < 2£ A (x A , y x ), 

we obtain that 

A(x A - y x ) 2 < u(x x ) - u(y x ) + u s ° (x x ) - u s ° (y x ) + 4m(y A -x x ); 
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then we have from (4.3) that 



We can find a sequence X n — > oo such that (x\ n ,y\ n ) — > (x,y) _ A. Prom (4.18), 
we get that \x\ n — y\ n \ < 6m/ X n and this gives x = y and so limn._j.oo \ n (x\ n — 
y\ n ) 2 = °- Taking 5 = 1/A, we get using that y Xn > x Xn for all n, (4.13), 
(4.14), (4.15) and (4.17) 



(4.19) (c + f3)(u(x)-u s °(x))<(3 (u{x-a)-u s °{x-a))dF(a), 



where C can be equal to either x or x . 

From (4.6) and (4.19) we obtain M < j3M / \c + (3). This is a contradiction 
because M > and /3/(c + j3) < 1. □ 

From the previous proposition, we conclude the following corollary. 

Corollary 4.2. For any uq > 0, there is at most one viscosity solution 
of (3.1) in (0, +oo) satisfying assumptions (A.l) ; (A. 2) and (A. 3) with the 
boundary condition u(0) = uq. 

5. Characterization of V as the smallest supersolution and a verification 
result. In Sections 2 and 3, we have proved that the optimal value function 
V is well defined and that it is a viscosity solution of (3.1). In Section 4, we 
have proved that (3.1) has a comparison principle that gives us uniqueness 
of viscosity solutions with a given boundary condition. As it can be seen 
in the next remark there are infinitely many classical solutions of the HJB 
equation satisfying (A.l), (A. 2) and (A. 3). 

Remark 5.1. Note that u{x) = k + x is a viscosity solution of (3.1) in 
[0, oo) for any k>p/c because u' = 1 and C*(u) < 0. 

Our main goal in this section is to characterize V among all the viscosity 
solutions of (3.1). We show that the optimal value function V is the smallest 
of the absolutely continuous supersolutions of the HJB equation. We use this 
result to prove a verification theorem that states that if a supersolution of 
the HJB equation is obtained, either as a value function of an admissible 
strategy, or as a limit of value functions of admissible strategies, then this 
supersolution should be the optimal value function. 

Later in this section, using the Corollary 4.2, we also characterize V as the 
viscosity solution of the HJB equation with the smallest possible boundary 
condition at zero. 

To prove Proposition 5.3 we need the following technical lemma. 



(4.18) 



A(^a - V\) 2 < Gm\x x - y x 




18 



P. AZCUE AND N. MULER 



LEMMA 5.2. Let u be an absolutely continuous nonnegative supersolu- 
tion of (3.1) in (0, +oo). Given any pair of real numbers x\ > xq > 0, we 
can find a sequence of nonnegative functions u n : R — > R such that: 

(a) u n is twice continuously differentiable, 

(b) u n converges uniformly to u in [0,xi] ; 

(c) u' n > 1 in [xo,x\\, 

(d) limsup^oo /:*(«„) (x) <pu(Q)(F{x) - F{x~)) for x G [x ,xi]. 

Proof. Let us consider an even and twice-continuously differentiable 
function <p with support included in (—1,1), with integral one, such that 
(/)' > in (—1,0) and $ < in (0, 1). Consider <f> n {x) = n<f>(n{x — 1/n)) and 
define u n as the left-sided convolution u n (x) = (u* <p n )(x). The results (a) 
and (b) follow using standard techniques [see, for instance, Wheeden and 
Zygmund (1977)]; (c) follows because v! > 1 a.e. 

Let us prove (d). By Proposition 3.5, u is semiconcave and so u" exists 
a.e., and the possible jumps of It are downward. So, the left-sided convolution 
u n satisfies u'^(x) < (u" *4> n )(x). The result (d) follows because £ 7 (u)(x) < 
a.e. for any 7 G [0, 1] , and it can be shown that 

limsup(£ 7 (u n )(x) - (£ 7 0u) < /3u(0){F(x) - F(x~)) 

for all x € [xq, x{\. □ 

Proposition 5.3. Letu be an absolutely continuous nonnegative super- 
solution of (3.1) in (0, +00), thenu>V in [0, +00). 

Proof. Let us define S as the set of discontinuity points of the claim- 
size distribution F. Since F is increasing S is a countable set. Take x > 0, 
by Lemmas A.l and A. 2 (included in the Appendix), it is enough to prove 
that for any pair (xq, x\) such that < Xq < x < x%, we have 

sup V n (x) < u(x), 
nGU l :°' xl] nu x (s) 

where U [ ^°' Xl] = {tt G 11^ :x < X£ < x x ,t > 0} and U X (S) is the set of all 
the admissible strategies it G H x such that the measure of 

{(w,t) Gfi x [0 , 00) :X£(uj) ES} 

is zero. 

Take tt = (74, Lt) G n^ ' 211 ' n H X (S). Consider the functions u n defined in 
Lemma 5.2; since they are twice continuously differentiable, we can write 

u n (X T n)e~ CT ^ - u n {x) 
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(5.1) = f T u' n {X s )e~ cs dX s -c [ u n (X s )e~ cs ds 

Jo Jo 

+ {a 2 /2) [ uUXsh 2 s X*e- cs ds 
Jo 

for any t > 0. 

Note that, since Lt is nondecreasing and left-continuous, it can be written 

as 

(5.2) L t = I dL c s + ]T (L s+ -L s ), 

X s+ ^X 3 ,s<t 

where L c s is a continuous and nondecreasing function. Hence, using expres- 
sions (2.2) and (5.2), we get 

f u' n (X s )e- cs dX s 
Jo 

= / u' n (X s )e- cs pds+ / u' n {X s )e~ cs rX sls ds 
Jo Jo 

+ f T u' n {X s )e- cs aX sls dW s 

(5.3) \ 

- I u' n (X s )e- cs dL c (s) 
Jo 

+ (u n (X s )-u n (X s -))e- cs 
X s -^X s ,s<t* 

+ J2 (un(X s+ )-u n {X s ))e- cs . 

X s+ ^X s ,s<t* 

We have that X s + ^ X s only at the discontinuities of L s , so X s + — X s = 
— (L s + — L s ) and 

£ (u n (X s+ )-u n (X s ))e- cs 

X s+ ^X s ,s<t* 



= — I / u ' n (X s — a) da ) e 

L, + ?L.,s<t~\ Jo J 

From Lemma 5.2(c), u' n > 1, so we obtain 

- f u' n (X s )e~ cs dL% 
Jo 
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(5.4) 



XI ( u n(X s +) - u n (X s ))e 



< 



cs 



e~ cs dL c s + / da ) e 



L a+ ^L a ,s<T* V 



/ 

Jo 



e~ cs dL.. 



Since X s ^ X s - only at the arrival of a claim, the process 

M i 1)= E {un{X s )-u n {X s -))e~ cs 
X-^X s ,s<t 

(5.5) 

/*i poo 

- p / e~ cs / MX,- - a) - u n (X s -)) dF(a) ds 
Jo Jo 

is a martingale with zero-expectation. 

From (5.1), (5.3), (5.4) and (5.5), we obtain 

u n (X T Tr)e~ CTlT - u n {x) 

(5 - 6) 

< ( T C ls iu n )iX s - )e~ cs ds - I" e~ cs dL s + M$ + , 
Jo Jo 

where 

^i 2) = f u' n iX s )e- cs aX sls dW s 
Jo 

is a martingale with zero-expectation. 

We have E x (Jq e~ cs dL s ) = K-(x), £ , a; (u n (X r7 r)e~ cr " ) > and from Lem- 
ma 5.2(d), since ir E H X (S), we have that 

lim E x ( [ A £ 7s iu n )iX s - )e~ cs ds) < 
n ^°° \Jo J 

for all t. Then, from Lemma 5.2(b), we obtain u(x) = lim n _ s . 0O u n ix) > V n (x). 
□ 

In order to state the verification theorem, we need to extend the concept 
of strategies by the following definition. 

Definition 5.4. (a) Fix x > 0, let us define the map V x :Tl x — > [0,oo) 
as V x (7r) = V n ix). We give to H x the initial topology of V x and define H x as 
the completion of II X under this topology [see, for instance, Kelley (1955)]. 
We say that the elements of H x are limit strategies. 

(b) Given tt S H x , there exists a sequence 7r fc € Tl x such that lim^oo ir k = 
7T, we define V~(rr) = lim^oo V n k (a;) . 
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From Proposition 5.3, we get the following verification theorem. 

Theorem 5.5. Let n be a limit strategy such that the corresponding 
value function is an absolutely continuous supersolution of (3.1) in (0, oo), 
then V~ = V. 

We conclude from Remark 5.1 and Proposition 5.3 that the optimal value 
function V satisfies 



and so it satisfies (A. 3). By Propositions 2.2 and 2.3, the optimal value 
function V also satisfies (A.l) and (A. 2). Therefore, from Corollary 4.2 and 
Proposition 5.3 we get the following corollary. 

Corollary 5.6. The function V can be also characterized as the unique 
viscosity solution of (3.1) satisfying assumptions (A.l), (A. 2) and (A. 3) with 
the boundary condition, 

V{0) = inf{u(0):u viscosity supersolution of (3.1) satisfying (A. 3)}. 

6. Solutions of the second-order differential equation. In the previous 
sections we have characterized the optimal value function V without assum- 
ing any regularity conditions on the claim-size distribution function F. To 
find the optimal value function V and the value function of barrier strategies, 
we need some technical results about the solutions of 



on open sets. In order to have classical solutions of this equation, we as- 
sume, from this section on, that the claim-size distribution function F has 
a bounded density. If we do not assume this, we would have to deal with 
viscosity solutions of (6.1) and this adds some technical problems. 

Equation (6.1) is similar to the HJB equation that arises in the problem of 
maximizing the survival probability of an insurance company whose uncon- 
trolled reserve follows the classical Cramer-Lundberg process and where the 
management has the possibility of investing in the financial market. Azcue 
and Muler (2009) considered this problem and showed that the optimal sur- 
vival probability function 5 is a classical solution of C*(5) = in (0, oo), but 
with parameter c equal to zero. 

The existence and uniqueness of classical solutions of (6.1) is not straight- 
forward since the ellipticity of C* degenerates at and could degenerate at 
any positive point. However, we prove in this section that the optimal 7 in 
(6.1) is not zero for positive points. On the other hand, the degeneracy of the 
ellipticity of the operator at zero gives the uniqueness of twice continuously 



(5.7) 



V(x) <x+p/c 



for x > 




C*(W) = 
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differentiable solutions of (6.1) in (0,oo) with only one boundary condition 
at zero. 

In the next proposition we construct, via a fixed-point argument, the 
unique twice continuously differentiable solution of (6.1) in (0, oo) with the 
boundary condition W(0) = 1. 

Proposition 6.1. (a) There exists a unique increasing classical solution 
W of (6.1) in (0, oo) with the boundary condition, W(0) = 1 and C*(W) = 
£y(W)(W) = 0, where 

( -rW'(x)/(a 2 xW"{x)), 

(6.2) 70*00*0 =\ if0< -rW'(x)/(a 2 xW"(x)) < 1, 

^ 1, otherwise. 

(b) The function W can be written as W(x) = 1 + Jq w(s) ds, where w is 
the unique nonnegative fixed point of the operator, 

rrf.f, . j 2 A r (s)M(W)(s) ds 

(6.3) T(w)(x) = mi — „ tt— ,„ ; — — . 

K J res a 2 x 2 T(x) 2 A r (x) 

Here 

G = {T: [0,oo)^(0,l] 

(6.4) piecewise continuous with inf(r) > 0}, 

M(W){x) = (c + P)W(x) - p I W(x - a) dF{a) 

Jo 

and 

A r (x) = e^ 2 ^ +rr ^y^ r ^ 2s ^ ds /(r(x) 2 x 2 ). 



Proof. We give here a sketch of the proof and refer to Sections 3 and 
4 in Azcue and Muler (2009) for details since the proof is similar. 

It can be proved that if U is any classical increasing solution of (6.1) 
with U(0) = 1, then u = U' is a fixed-point of (6.3) and also that there is 
a unique continuous nonnegative fixed-point w of (6.3). It can be proved 
that w is locally Lipschitz, and so W{x) = 1 + f Q w(s)ds is semiconcave 
in any compact set included in (0, oo). The next step consists of proving 
that W is twice continuously differentiable and so it is a classical solution of 
(6.1). To do that, we construct twice continuously differentiable increasing 
solutions of the second-order integro-differential equations, Ci(W\) = and 
SU P7GR^7(^2) = 0, and show then that W coincides locally with one or 
the other and also that W is obtained by gluing smoothly solutions of these 
equations. Hipp and Plum (2000) and Schmidli (2002) studied and found 
classical solutions of the equation sup 7gR £ 7 (VF) = with c = for the 
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problem of minimizing the ruin probability of an insurance company without 
borrowing constraints. 

Finally, since £ 7 (W)(x) is a quadratic function on 7 and W is increasing, 
the maximum is attained at 7 = 1 or at the vertex 7 = — rW'(x) / (o~ 2 xW"(x)) . 
It can be shown that the vertex cannot be zero. □ 

Remark 6.2. Given r € Q, consider the related problem of finding the 
survival probability S(x) of an insurance company with initial surplus x, 
whose uncontrolled reserve follows the classical Cramer-Lundberg process 
and where the management invests a proportion T of the current surplus in 
the financial market. The function S can be called the scale function of the 
surplus process as in Revuz and Yor (1999), and it is a solution of Cr(S) = 
but with parameter c equal to zero [see Azcue and Muler (2009)]. So, as in 
Proposition 6.1, we have 

2 £ MsMSjs) - fl S(s - a) dF(a)) ds 
[X) a 2 x 2 T(x) 2 A r (x) 

Proposition 6.3. (a) The function ^(W) defined in (6.2) can be writ- 
ten as 

7(W)(x) =min{l,2(M(W)(x) - pW'(x))/(rxW'{x))}. 

(b) There exists e > such that j(W)(x) = 1 for x € [0, e). 

(c) W'(0 + ) = (c + /3)/p and W"(0 + ) = (c + /3 - r)(c + l3)/p 2 - F'(0)f3/p. 

Proof. We obtain (a) by replacing the value of W"(x) obtained from 
the equation £^( W )(W) = in the definition (6.2). To prove (b) and (c) 
consider W\ the unique increasing twice continuously differentiable solution 
of Ci(Wi) = 0. It can be proved using L'Hopital's rule that 

W{(0 + ) = (c + p)/p and W['(0 + ) = (c + f3-r)(c + P)/p 2 -F'(0)f3/p, 

and so 

lim \rWUx)/(a 2 xW['(x))\ = +oo. 

We conclude that there exists e > such that 7(Wi) = 1 in [0,e). Therefore, 
using that C*(W\) = C^nv^Wi), we obtain that W\ satisfies C*(W\) = in 
[0, e) and so W(x) = W\(x) for small values of x. □ 

In an analogous way, given a positive xq and an increasing continuous 
function Wo defined in [0,xo] such that Wo is differentiable at xq, we can 
construct the unique twice continuously differentiable solution of 



(6.5) 



C*(U,W ){x) = iorx>x 
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with boundary conditions U(xq) = Wq(xq) and U'(xq) = Wq(xq) where 



(6.6) C*(U,W ) = sup £ 7 (C/,W ), 

7G[0,1] 

(6.7) Cj(U,W )(x) = a 2 ~/ 2 x 2 U"(x)/2 + (p + n x)U'{x) - M(U,W ){x) 



The next proposition is analogous to Propositions 6.1 and 6.3(a); the 
proof follows by using a fixed-point argument similar to the one used in 
Proposition 6.1. 

Proposition 6.4. Assume that Wq is a continuous, positive and in- 
creasing function in [0,xq] and that Wq is differentiable at xq. 

(a) There exists a unique twice continuously differentiable solution U of 
(6.5) in (xo,oo) with U(xq) = Wq{xq) and U'(xq) = Wq(xq). 

(b) // we define 



7. Barrier strategies. A dividend payment policy is called barrier with 
level y when all excess surplus above y is paid out immediately as divi- 
dends, but there is no dividends payment when surplus is less than y. In 
this section we would like to obtain the optimal barrier strategy, that is, 
the admissible strategy that maximizes the cumulative expected discounted 
dividends among all the strategies whose dividend policies are barrier. We 
would also like to prove that the optimal barrier strategy is stationary, in 
the sense that the decision on how much dividend to pay and how to in- 
vest at any time depends only on the current surplus. Note that a stationary 
strategy tt determines an admissible strategy tt x £ U x for each initial surplus 
x. 

In the classical Cramer-Lundberg model without the possibility of invest- 
ment, there exists an optimal barrier strategy. Let y* be the optimal level. 
It has been proved [for instance, in Azcue and Muler (2005)] that the op- 
timal policy for current surplus y* is to pay all the incoming premium as 
dividends in order to maintain the surplus at level y* until the arrival of the 
next claim. 



and 






j(U, W )(x) = mm{l,2(M(U,W )(x) - P U'(x))/(rxU'(x))} 



we have that 



C*(U,W o ) = £ mWo) (U,W o ) = 0. 
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In the model with investment, it is possible to define similar barrier strate- 
gies for any level y (if the current surplus is y, pay all the incoming premium 
as dividends and keep all the surplus in bonds), but these barrier strategies 
are never optimal. In fact there is not a stationary barrier strategy which 
is optimal, since it is not possible to determine the dividends payment pol- 
icy when the current surplus coincides with the threshold. We construct in 
this section a candidate of optimal barrier strategy as an explicit limit of 
stationary admissible barrier strategies and find its value function. In the 
next sections we will prove that this strategy is indeed the optimal barrier 
strategy, also we will show that the optimal strategy in (2.4) could be non- 
barrier, but this optimal strategy and the optimal barrier strategy coincide 
for small surpluses. 

First in this section we use the function W, constructed in Section 6, 
to obtain the value function of a limit barrier strategy with a given level 
y and the best investment policy. Later we find the optimal level of these 
strategies. In all the cases, the optimal investment policy is stationary in 
the sense that the decision on how to invest depends only on the current 
surplus. 



Definition 7.1. Given a predictable process 7t £ [0,1] and points 
< z < y, we define recursively for initial surplus x > 0, the admissible strat- 
egy tt { ^' z ' v) en, as: 

1. If x > y, pay immediately the surplus x — y as dividends and follow the 
strategy Tr y ^' z ' v) G U y . 

2. If x < y, follow the admissible strategy (7t,0) up to the exit time t* = 
mm{T y ,T 7T } where 

Ty = min{i : X t x =y} 

and t w is the ruin time. When r* = T y , pay immediately y — z as dividends 
and follow the strategy 7ri 7i ' z,y ^ with initial surplus z. 

Let us call Hx y the set of all these strategies, and let us consider for all 
x € [0, y] the function 

(7.1) W g , y (x)= sup V n (x). 



We define W Zj y(x) = for x < 0. We first state some basic properties of the 
function W zy . The proof of the next proposition is similar to the proof of 
Propositions 2.2 and 2.3. 
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Proposition 7.2. We have that: 

(a) The value function W z>y is well defined. 

(b) If y > X2 > x\, then 

W Z) y( X2 ) ~ W Zj y( Xl ) < ( e (<H-fl(* a -*l)/p - l)W Z ,y( Xl ). 

(c) Wz , y (y) = W z , y (z) + (y-z). 

(d) W ZjV is increasing in [0, y] . 

(e) is absolutely continuous in [0, y\. 

Let us state now a dynamic programming principle for these value func- 
tions. 

Proposition 7.3. Given x G [0,y] and any stopping time t, we have 
that 

W z , y (x) = sup E x (e-« TA ^W z , y (X%?))), 

(■ft) admissible 

where r* is the stopping time defined in Definition 7.1. 

In the next proposition, we show that all the functions W z<y are multiples 
of the function W obtained in Proposition 6.1; this allows us to describe the 
optimal investment policy for (7.1). 



Proposition 7.4. (a) We have that 

W{x) 



W z Jx) 



(W(y)-W(z))/(y-zY 
W(y) 



if0<x<y, 
+ (x-y), ifx>y, 



I {W{y)-W{z))/{y-z) 

where W is the function obtained in Proposition 6.1. 

(b) W Z) y(x) is the value function of the admissible stationary strategy 
tt x 6 Hx' y , the optimal investment policy depends only on the current surplus 
and it is given by j t = j(W)(X7_) where the function j(W) is defined 
in Proposition 6.1. 

Proof. We extend the definition of W _as W(x) = for x < 0. Let us 
take any admissible strategy tt = (^ t ,L t ) G Tl z x ' y and consider the stopping 
times T y and r* defined in Definition 7.1. Up to time r*, the dividend pay- 
ment policy Lj is zero, so the strategy n only depends on the investment 
policy 7 = (74). To simplify notation, we denote X^ the corresponding con- 
trolled risk process starting at x. This process satisfies up to r* the following 
stochastic differential equation: 

(7.2) dX] = (p + rX] ls ) ds + aX] ls dW s - d ^ u)j . 
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Since the function W(x) is twice continuously differentiable, using the ex- 
pressions (7.2) and the Ito's formula for semimartingales [see Protter (1992)], 
it can be shown with arguments similar to the proof of Proposition 5.3 that 

(7.3) W(X^)e~ CT * -W(x)= f T C la (W) )e~ cs ds + M^} + M^) , 

Jo 



where 

r(l) 



(7.4) 



and 



M^= (W(X])-W(Xl))e- 



r-t 

13 ' 



r-t roc 

/ e~ cs / (W(X]_ - a) - W(X]_)) dF(a) ds 
Jo Jo 



(7.5) Mt 2) =[ W'{X])e- cs oX] ls dW s 

Jo 

are martingales with zero-expectation. 
Note that we have 

E x (W(X^)e~^) = E x (W(X^)e-^ X{T , =Ty} ) = E x (W(y)e^ X{r , =Ty} ). 
From (7.4), (7.5) and (7.3), by Proposition 6.1, we get that 

sup E x (W(X^)e- CT *) = E x (W(X^)e- CT *) = W(x) 

7 admissible 

and so sup 7 admissib i e E x (e~ CT * X{ T *= Ty }) = W{x)/W{y). The supremum is 
reached at the process 7 = (7J. On the other hand, from Proposition 7.3, 
we obtain that 

sup E{e~ CT ' X{T , =Ty} ) = W Z)V (x)/W s , v (y), 

7 admissible 

and the result follows from W Z:V (y) = W Z:V (z) + (y — z). □ 

Note that the optimal investment policy of all the strategies defined above 
does not depend on the value of z. The corresponding controlled risk process 
with initial surplus x < y never exceeds the threshold y. In the next definition 
we define the limit dividend barrier strategies nx for any x € [0,y). 

Definition 7.5. Given a sequence z n /* y and any current surplus x € 
[0,y), take irP ttZn ' v) G T% v . We define 5f| = lim^ Trf 7 " w) . 

In the next proposition we obtain the expression for the limit value func- 
tion; the proof follows immediately from Proposition 7.4. 
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Proposition 7.6. We have that 



( \ r w / n _ / W(x)/W'(y), ifO<x<y, 

V ^ x > ~ J™, w *»vW ~ \ W(y)/W'(y) + (x - y), ifx>y. 

Note that the function is twice continuously differentiable in (0, y) U 
(y, oo) and differentiable at y. We show now that W' reaches the minimum. 



Proposition 7.7. Consider the function W defined in Proposition 6.1, 
then 

wi =mfW' = W'(x) >0 
for some x > 0. Call x* = min{x > : W'(x) = w\}. 

Proof. Define for u > 0, the function G(u) = inf^o^ W'(x). Since W' 
is a continuous positive function, then G is continuous, nonincreasing and 
positive. We want to prove that there exists uq such that G(u) is constant for 
u > no- Suppose that this is not the case, then there exists U2 > u\ > p/ (c — r) 
such that G{u2) < G(u\) < G{p/{c — r)). Consider 

x\ = minjx : W'{x) = G(ui)}, X2 = min{x : W'(x) = G(u2)}- 

Note that X2 > u\ >x\ > p/(c — r). Let us consider the value functions of 
the limit barrier strategies, 

~W(x)/W'(xi), ifx<Xi, 
W(xi)/W'(xi) + (x - Xi), ifx>Xi, 

for i = 1,2. 

We prove now that U Xi is a supersolution of (3.1) in x > 0. Since W is a 
solution of (6.1), W'{xi) < W'{x) for x € (0,Xi] and U' x . = 1 in (2^,00) we 
only need to show that U Xi is a supersolution of (6.1) in [x{, 00). Let us show 
first that U Xi is a supersolution at x > Xi, take any 7 € [0, 1], since U Xi is 
increasing and Li Xi > Xi, we have that C^(JA Xi ) < 0. Let us show now that 
U Xi is a supersolution at X{. We have that hi' x \xi) = 1, take g such that 

q/2 < lim inf (u x M + h)-u x M))/h-i 

h^o h 



< lim (^(^ + /i)-^(x t ))//i-l = Q 

— /i->0+ /l 

Since is a supersolution for x> x. L and sup 7€ [ 0j i] C^(U Xi , l,q)(x) is con- 
tinuous for x > Xj we have that sup 7g [ ^ Cy(U Xi , l,q)(x) < 0. 

Since U Xi is the value function of a limit strategy we have that li Xi < V, 
and since W a;i is a supersolution of (3.1), we have that U Xi > V. Then U Xi = V 
for i = 1,2, and this is a contradiction since W Xl ^IA X2 . □ 



OPTIMAL INVESTMENT POLICY AND DIVIDEND PAYMENT STRATEGY 29 



In the next proposition we see that the value x* defined in Proposition 7.7 
is the optimal threshold of the dividend barrier strategies given in Definition 
7.5. We also give a test to see whether the value function of the limit barrier 
strategy ttx* is the optimal value function V at x. The proof follows directly 
from Proposition 7.7 and Theorem 5.5. 

Proposition 7.8. Define V±(x) as the value function of the limit barrier 
strategy obtained in Proposition 7.6 with barrier x* := argminW'. Then: 

(a) V\ (x) = max J/ >o V%v (x) for all x > and the function V\ is twice con- 
tinuously differentiable. 

(b) If Vi is a viscosity super solution of (3.1), then V\ coincides with the 
optimal value function V . 

In Remark 8.7 of the next section, we will see that the limit stationary 
barrier strategy tt x * defined as nx* S for any initial surplus x > is the 
optimal barrier strategy. Note that the investment policy corresponding to 
this strategy is stationary and it is given by 

7*(u)=min{l,2(M(W)(iO - pW (u)) / (ruW' (u))} 

for any current surplus u € [0, x*]. Also note that, by Proposition 6.3(b), 
7* = 1 for small surpluses. This means that the whole surplus should be 
invested in stocks. In the unconstrained case where it is allowed to borrow 
money to buy risky assets, it can be seen that optimal investment policy 
tends to infinite as the surplus goes to zero, that is, for small surpluses the 
company should always borrow money to buy stocks. 

8. Band structure of the optimal dividend strategy. We will show in 
Section 9 that the optimal value function V is not always the value function 
of a limit barrier strategy. Nevertheless, we prove in this section that the 
optimal dividend payment policy has a band structure. As in the case of the 
optimal barrier strategy, V is not the value function of a stationary admis- 
sible strategy, but it can be written explicitly as a limit of value functions 
of admissible stationary strategies. 

We have shown in Section 3 that V is a viscosity solution of equation 
(3.1). In this section we see that V can be obtained by gluing, in a smooth 
way, classical solutions of C*(V) = on an open set Cq with solutions of 
V = 1 on a set Bq. The set Bq is a disjoint union of left-open, right-closed 
intervals. These sets will be defined in Proposition 8.4. 

When the current surplus x is in the set Bq, the optimal dividend payment 
policy should be to pay out immediately a positive sum of dividends, and 
when the current surplus x is in the set Co, the optimal strategy should be to 
pay no dividends and to follow the investment policy 7(2) = 
argmax 7g [ 0j i] C y (V)(x) which depends only on the current surplus x. In 
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the simplest case, when the optimal value function V is the solution of 
C*(V) = in C = (0,y*) and V = 1 in B = (y*,oo), the optimal dividend 
payment policy is barrier. 

We see that V is continuously differentiable; it is twice continuously dif- 
ferentiable in Bo and Co, but at some points outside Bo U Co, the second 
derivative could not exist. So we still need the notion of viscosity solutions 
to characterize V as a solution of the associated HJB equation. 

We also prove in this section that, for small surpluses, the optimal strategy 
coincides with the optimal barrier obtained in Section 7, and for large sur- 
pluses, the optimal strategy is to pay out as dividends the surplus exceeding 
some level. 

In the next proposition, we give conditions under which the optimal value 
function V is the supremum of the value functions corresponding to admis- 
sible strategies with surplus not exceeding x. 

Proposition 8.1. Assume there exists x>Q with V'(x) = 1; then 

V(x) = sup V 1T (x) for all x < x. 
Tienf 

Proof. Given any e > 0, let us consider the twice continuously differ- 
entiable solution g of the equation C*(g) = for the special case j3 = 0. 
From Proposition 7.7, we get that u& x >Qg'(x) = g'(x*) > for some x* > 
0. So lim-j-^oo g(x) = oo and we can find a number D such that g{D) > 
2g(x)V(x)/e. Consider x n = x — D/n, and define h n = (V(x n ) — V(x))/(x n — 
x) — 1. Since V'(x) = 1, we have that h n goes to as n goes to infinity, and 
so we can find an integer no large enough such that h no < e/(8D). 

We can find points = yo < yi < ■ • ■ < yu = % such that V(yj + ±) — V(yj) < 
e/(16no) and admissible strategies -K yj G I\. yj such that V(yj) — V„ y .(yj) < 
ej (16no). Consider, for any x £ [0,x], the point y{x) = max{yj : yj < x} and 
the strategy ir x £ U x which pays out immediately x — y(x) as dividends and 
then follows the strategy ^ y ( x ) £ ^y(x)- We obtain that V(x) — V nx (x) < 
e/(8no) for any x € [0,5:]. 

For any x € [0,x], we define recursively strategies ir x € Ila, as follows. For 
k = 0, take no = vr x . For k > and for the initial surplus x < x m , follow 
the strategy ir x while < x, when the surplus reaches x, pay out im- 
mediately the difference dividend and then follow the strategy 
7Tj~J G ^-%n • For k > and for the initial surplus x € (x no , x] , pay out im- 
mediately the difference dividend and then follow the strategy 
fc-i G TT 

With arguments similar to Lemma A. 5 in Azcue and Muler (2005) it can 
be seen that, for any x £ [0,x] and k > the strategy ir x € H x is admissible 
and 



(8.1) 



V(x) - V^ (x) < e/2 for all x G [0, x]. 
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Let us prove now that, for any x € [0,x], there exists an admissible strat- 
egy n € H% such that 

(8.2) V^o (x) - Vjf(x) < e/2 for all x G [0, x). 

Let us define r = inf{t > 0:X^ X > x}. Consider the process Y t x defined 

n o 

in Lemma 2.1, as the process corresponding to Xj x without claims and 

rig n 

without paying dividends, but starting at Y x = x. Since the process X t x 
should pass at least no times through the interval [x no , x] before surpassing 
x, we obtain that 

(8.3) f >t4 :=mf{t >0:Y t n * > x no + n (x - x no )}. 

To prove this, consider X t x the corresponding process without the divi- 
dends payment x — x no in each step, then 

X ^no 



mf{t>0:X? x >x = x„ ( 1 + 

f ^ n o 
■mf\t>0:X^ >x no 



~™o / x 



and since x no (x/x no ) n ° > x no + no(x — x no ) and Y t x > X t x , we obtain 
that f >t^ . 

Since C*{g) = and Y\ = x no + no(x — x no ) we have, using Ito's formula, 

r n 

that 

g(x no +n (x- X no ))E(e- CT "o) < g{ X ). 

So, we have from the fact that g is increasing and (8.3) that 

E(e~ c? ) < E(e- CT "'o ) < 9 -^% - 

, g{Xn +n (x-x no )) 

(8-4) 

g{x) e 
-~gjD)-WW)' 

Again, with arguments similar to Lemma A. 5 in Azcue and Muler (2005), 
we obtain 

K„ (x) - V*{x) < E{e~ c9 ){V{x) - x). 
So using (8.4), we conclude (8.2). From (8.1) and (8.2) we get the result. □ 



We have to introduce some auxiliary sets to define precisely the sets Bo 
and Co mentioned above. 
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Definition 8.2. Let us define the continuous function 
(8.5) A(x) = (p + rx)-M(V)(x), 

where the operator M is defined in (6.4), and the sets: 

• A = {x G [0, oo) such that V'(x+) = 1 and A(x) = 0}, 

• B = {x G (0, oo) such that V'(x) = 1 and A(x) < 0}, 

• C = [0,oo) - (AuB). 

Lemma 8.3. The following situations are not possible: 

1. V'(x + ) = 1 and A(x)>0. 

2. l = V'(x+)<V'(x-) andA(x) = 0. 

So, we conclude that 

A = {x G [0, oo) such that V'(x) = 1 and A(x) = 0}, 
B= {x£ (0, oo) such that V'{x) = 1 and A(x) < 0}, 
C = {x£ (0, oo) such that V'(x + ) > 1} 

U {x e (0, oo) such that V'(x~) > V'(x + ) = 1 and A(x) < 0}. 

Proof. Let us prove first that given x > 0, if V'(x + ) = 1 then A(x) < 0. 
Assume that A(cc) > 0, then we can find 5 > such that A(y) > for all 
y € [x, x + 5). Let us define as the set of points in (x, x + 5) where V and 
V" exist, since V is semiconcave the set D has full measure. The function 

V is a supersolution of (3.1), then for any y £ D we have 

0>£*(V)(y)>a 2 y 2 V"(y)/2 + A(y) 

and so V"(y) < -2A(y)/(a 2 y 2 ) < 0. Then, since V is semiconcave, we have 
that for any y € D 

V'(y) - 1 = V'{y) - V'{x + ) < F V"{s) ds<0 

J X 

and this is a contradiction because V'(y) > 1. 

Let us prove now that if x £ A and x > 0, then V is differentiable at x and 

V (x) = 1. If we have that 1 = F'(x+) < V'(x~), take any d G (V'(x + ),V'(x~)), 
then 

(F(x + /i) -V(x))/h-d 
hm sup = — oo 

and so, for any q, we have that 

max] 1 — d, max (a 2 x 2r f 2 q/2 + (p + rx>y)d - M(V){x)) \ > 
L 7 6[0,1] J 
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and then, since d > 1, so 

max (a 2 x 2 ~f 2 q/2 + (p + rxj)d - M(V)(x)) > 0. 

76[0,1] 

Since this holds for any q, taking a sequence q n — > — oo, we obtain that 
pd-M(V){x) >0 for any d£ (l,V'(x~)). This implies that p- M(V){x) >0 
and so A(sc) > 0, which is a contradiction. □ 

Definition 8.4. We define the sets Aq, £>o and Co as: 

• B = B U {a G A : (a - 0, a) C A U B for some > 0}, 

• C = C U {a G .4 : (a - a) U (a, a + 0) C C for some > 0}, 

• A = [0,oo)-(C U£ ). 

Proposition 8.5. The sets introduced in Definition 8.4 satisfy the fol- 
lowing properties: 

(a) Bo is a disjoint union of intervals that are left- open and right-closed. 

(b) If (xo,x] C Bo and xo ^ Bo, then xo 6 Aq. 

(c) There exists x* > such that (x*,oo) C Bo. 

(d) Co is an open set in [0, 00), that is, ifO £ Co, there exists 5 > suc/i i/ioi 
[0, 5) C Co and if a positive x E Co f/iere exisis 5 > suc/i t/iai (x — 5, rr + 5) C 
C . 

(e) .Boi/i Ao and Bo are nonempty. 

Proof. The proof follows immediately from Definition 8.4 and Lemmas 
A. 5 and A. 6 included in the Appendix. □ 

From the previous proposition we can conclude that the upper boundary 
of any connected component of Co belongs to ^4o an d also that the the lower 
boundary of any connected component of Bo belongs to .4o- 

The next proposition describes the optimal value function V for small 
initial surpluses. 

Proposition 8.6. Consider the function W defined in Proposition 6.1 
and the values ui\ and x* defined in Proposition 7. 7, then the optimal value 
function V(x) coincides with W{x)/w\ for all x G [0,x*]. In particular, V 
is twice continuously differ entiable in [0, a;*]. 

Proof. By Lemma A. 6(b) included in the Appendix, A is left closed, 
so there exists m = min^4. Note that, by Proposition 7.7, w\ and are well 
defined. Consider V\ the value function of the limit strategy vf^* obtained 
in Proposition 7.6. From (2.4), we have that V\(x) < V(x). 

If m > x*, we have from Proposition 5.3 that V(x) < W{x)/W'(x*) in 
[0,oo) because W(x)/W'(x*) is a supersolution of (3.1). So V(x) = 
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W{x)/W'{x if ) = V\{x) in [0,x*]. Then V'(x*) = 1 and this implies that 
€ »4 U £>; this is a contradiction since in both cases there would exist 
a point in A smaller that m. In particular, if x* = 0, then m = 0. 

If < m < x*, since V{ > 1 and C*(Vi) = in (0, m), we have that V\ is 
a supersolution of (3.1) in (0,m) and since V'(m) = 1, by Proposition 8.1, 
W{x)/W'(x*) = V{x) in [0,m], but then 1 = V'(m) = W'(m)/W'(x*) and 
this is a again a contradiction because by definition of x*, W' (m) /W' (x*) > 
1. 

Finally, in the case that m = 0, since E .A we have from (8.5) that V(0) = 
(c + /9)/p, but from Proposition 6.3(c) we have that W'(0) = (c + /3)/p, and 
so we get V(0) = W(0)/W'(0). This implies that x* = because if were 
positive, we would obtain 

V(0) = W(0)/W'(0) < W(p)/W'(x*) < V(0). 

Therefore, m = x* and V = Vi in [0,x*]. □ 

The previous proposition allows us to obtain V for small surpluses using 
only the function W. In the case that x* = 0, we only obtain from this 
proposition the value at zero, V(0) = (c + [3)/p. Hence, using Corollary 4.2, 
we can conclude that V is the unique viscosity solution of (3.1) with the 
boundary condition V(0) = W(0)/w\. 

Remark 8.7. The limit stationary strategy tt x * defined in Section 7 is 
the optimal barrier strategy. In effect, the optimal barrier strategy is the 
one with maximum value function al and, by Proposition 8.6, the value 
function of this limit stationary strategy is Vi(0) = W(G)/w\ = V(0). 

Let us show now that V is a classical solution of C*(V) = in Co- 

Proposition 8.8. (a) Let {x\,X2) with x\ > be a connected component 
of Co- Consider U the unique classical solution of 

(8.6) C*(U,V)(x) = 

in (xi,oo) with U(x%) = V{x\) and U'{x\) = V'{x\) = 1. Then V = U in 
[xi,x 2 ]. 

(b) The optimal value function V is a classical solution of C*{V) = in 
the open set Co. 

Proof. Using Lemma A. 8 included in the Appendix, it only remains to 
prove that V is twice continuously differentiable at the points a £ A such 
that, there exists 5 > with (a — 5, a) Li (a, a + 5) C C. The number 

7* (a) =mm{l,2(M(y)(a) - pV {a)) / (raV (a))} 
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is positive because M(V)(a) — pV'(a) > A(a) = and V'(a) = 1. Take any 
sequence u n — >■ a with u n G C; we have from Propositions 6.1 and 6.4 that 

V"(u n ) =2{{jp + ru nln )V'{u n ) -M{V)(u n ))/{a 2 u 2 nl 2 n ), 

where 

ln = mm{l,2(M(V)(u n )-pV\u n ))/(ru n V'(u n ))}. 
Since V is semiconcave we get that 

hm V"(u n ) = 2{{p + ra 1 *{a))V'{a)-M{V){a))/{a 2 a 2 1 *{af), 

n— >oo 

so V is twice continuously differentiable at a. □ 

Remark 8.9. The optimal value function V is continuously differen- 
tiable at (0, oo) because it is continuously differentiable both in Cq and in 
the interior of Bo- At any other point x we have that V is continuously 
differentiable since 

lim V'(y)= lim V'(y) = 1 = V'{x). 

y&B ,y^x yeC ,y->x 

We prove now that V can be written as a limit of value functions of 
admissible stationary strategies. All of these admissible strategies coincide 
on Bq and Co- If the current surplus is in Bo, the optimal strategy is to pay 
out as dividends the amount exceeding the lower boundary of the connected 
component of Bo- If the current surplus is x G Co, the optimal strategy is to 
pay no dividends and to invest 7(x) = argmax 7g [ 0i i] C 1 iy){x). Finally, if the 
current surplus is in Ao, we need to consider a limit of admissible strategies 
similar to the one we used to obtain barrier strategies in Section 7. 

We define admissible stationary strategies 7r based upon the sets .4.0 > £>o 
and Cq introduced in Definition 8.4. Since these strategies are stationary, for 
any x > we can denote n(x) € II^ the corresponding strategy with initial 
surplus x. 

Definition 8.10. Given a finite subset A' C Ao and a number u > 
satisfying the following conditions: 

1. if min^4o = then G A', 

2. c a = a/e u G Co for all positive a G A', 

we define recursively the admissible stationary strategy tt in the following 
way: 

• If the current surplus x G Co, pay no dividends and take 

7*(x) =min{l,2(M(y)(x) - pV (x)) / (rxV (x))} 
up to the exit time r of Co- Then follow the strategy vr(xi) G TL X1 where 

Xl =Xr (X) GAqUBo- 
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• If the current surplus x £ Bo, by Proposition 8.5(a) and (b), there exists 
a G Ao such that (a,x] C Bo- In this case pay out immediately x — a as 
dividends, and follow the strategy vr(a) G II a described below. 

• If the current surplus x G Ao \A', pay out immediately x — a as dividends 
where a is the maximum element of A' smaller than x, and then follow 
the strategy 7r(a) G II a . 

• If the current surplus is a £ A', pay out immediately a — c a as dividends 
and then follow the strategy ir(c a ) G IT Ca . 

• In the case that the current surplus is G A', pay out all the incoming 
premium as dividends up to the ruin time. 

In the case that .Ao is finite, V can be written as the limit (with u going 
to zero) of the value functions of the admissible strategies defined above 
taking A' = Ao; but in the case that Ao is infinite, we have to consider finite 
subsets A' C Ao- This result is proved in the next theorem. 

Theorem 8.11. Given e > 0, we can find a finite set A' C Ao and a 
number u > such that the admissible stationary strategy introduced in Def- 
inition 8.10 satisfies V(x) — V w ^(x) < e for all x > 0. In the case that Ao 
is finite, we can take A 1 = Ao ■ 

Proof. We assume that min.4,o > 0, in the case min„4o = the proof 
is similar. Let us consider x = max*4o an d the twice continuously differ- 
entiable solution g of the equation C*(g) = for the special case j3 = 0. 
From Proposition 7.7, we get that inf x >og'(x) =g'(x*) > for some > 0. 
Since lim x ^ 00 g(x) = co, we can find a number M such that g(l) / g(e M ) < 
e/{W(x)). 

We can find 5 > such that, if h < 5 then 

(8.7) < {V(a + h)- V(o)) /h-l< e/(4x). 

In effect, V is absolutely continuous in [0, x], V'(a) = 1 for all a G Ao U Bo, 
and from Proposition 8.5(b) and (c) we have that [x, oo) C Ao U Bo. 

Given 5, take the finite set As and the number ? > given by Lemma A. 9 
included in the Appendix, and take u > such that 

(8.8) u<5/(2x), a-q<a/e u 
and 

(8.9) < V{a) ~ V \ a/eU) - 1 < £ /(8(M + 2)x) 

a — a/e u 

for all a G As- Take N = #A S , 



(8.10) 



k = [M/u + N] + 1 
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and admissible strategies W(a) G Il a with a £ As such that 

(8.11) V(a)-V w(a) (a)<e/(A(2k + 3)) for all a G As- 

Let us define c a = a/e u for all a G As, then, by (8.8), c a G Cq. Take the 
admissible stationary strategy tt associated with u > and the finite set As 
given by Definition 8.10. 

We define recursively a family of admissible strategies 7ffc(x) G H x for all 
x > and fe > 0, in the following way: 

• Take 7f"o(a) as the admissible strategy 7f(a) defined in (8.11) for all a & As- 

• If the surplus x G Co , pay no dividends and take 

7*(x) = min{l,2(M(T/)(x) - pV (x))/(rxV' (x))} 
up to the exit time To of Co- Then follow the strategy 7ffc(xi) G II Xl starting 

at xi where xi = X^f^ £ AqUBq. 

• If the surplus x G So, by Proposition 8.5(a) and (b), there exists a G Ao 
such that (a, x] C £>o- In this case, pay out immediately x — a as dividends 
and follow the strategy 7ffc(o) G II a described below. 

• If the surplus x G Ao \ As, P a y out immediately x — a as dividends where 
a is the maximum element of As smaller than x, and then follow the 
strategy 7f fe (a) G IT a . 

• If the surplus is a G .4,5 with a > 0, pay out immediately a — c a as dividends 
and then follow the strategy vffc_i(c a ) G U Ca - 

To simplify notation we write V^ k {x) instead of Vw k ( x )( x )- Let us prove 
first that 

(8.12) max(y(x) - V Wk (x)) < 3e/4. 

a;>0 

Given any initial surplus x > 0, note that all the processes X^ k with k > 
coincide for t < r A r where r is the time of arriving to As and r the ruin 
time. So, using the dynamic programing principle, we have that 

l^f fc0 (x)-^ (x)| 

= \E x (e~<^\V^ ko (X^) - Fw (<^)))| 

< E x (\e-<^)( V * ko (X^ f ) - V Wo (X^)) X{T<9} \) 
<max|% o (a) -V Wo (a)\. 



3.13) 



Consider a G .As, the processes X^ k starting at a and r the ruin time, we 

define as usual X™ 
reaches As and let 



define as usual X^ k = X~ k for t>r. Let be the fcth time that X t fe| 



A" = {A; > such that r k+1 < ? and = X^J. 
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Since the processes X^ k and X^' 1 coincide until t^-i A f , we have using 
(8.11) and (8.9) that 



\V* k0 (a)-V^(a)\ 
fco-l 

5-14) <^|^ fc+1 (a)-^ fc (a) 



k=0 

= E a 53 ( e -^ (x; fe o ) - y ¥o (x::° )\) X{Tk< ? } . 

We denote ao = Xr k ° £ As- We define Ty- as the first time that X^ k ° leaves 
Co after tu and we denote 02 = X~ k ° . We obtain, using Ito's formula, Propo- 
sition 8.8(b) and the definition of 7fo ? 

l^fi(ao) - V Wo (a )\ 

= l^fo(Cao) + («0 - Coo) - ^fo( a o)| 

= \E{{V^{a 2 )-V{a 2 ))e- c ^^\T Tk ) 

+ ao- c ao - V(a ) + V(c ao ) + V(a ) - %,(a )| 
< E((V(a 2 ) - V Wo (a 2 ))e- c ^-^\T Tk ) + (V(a ) - V Wo (a )) 
'V(a )-V(c ao ) 



3.15) 



+ (ao - c ao ) 

From (8.11), (8.8), (8.9) and using that e~ u > 1 — u, we obtain that 

{V{a ) - Vw {ao)) + (a - c ao ) 1 

V a o - c ao 

(8J6) " 4(2^3) + 8(M + 2)x (a ° " Cao) 

e e 
< 1 11 

4(2fc + 3) 8(M + 2) ' 

If fe ^ K and 02 > denote a± = X T ^ 1 € As- We obtain that ao > a>i, and 
by (8.11), 

E{{V{a 2 )-V^{a 2 ))e~ c ^~^\F Tk ) 

= E{{V{a 2 ) - V^{a 2 ))e-<^-^ X{%<?} \T Tk ) 

< E{{V{a 2 ) - V^(a 2 )) X{ r k <?}\^ k ) 

= E((V(a ) - V^ Q {aQ))X{k&K}\^r k ) 
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+ E({V(a 2 ) - V^ {a 2 ))x{kiK}X{T k <9}\^r k ) 

+ V{ai)-V^ {a l ))x{kiK}X{T k <9}\^r k ) 

2s 

~ 4(2k + 3) +E ^ V ^ ~ _ ( a2 ~ a ^))X{kiK}X{T k <?}\^r k )- 

Note that (01,02) nA$ = 4>, and so there is no connected component (?T,r2) 
of Co included in [a±, a 2 ] with length greater than 5. In effect, if such compo- 
nent exists, then r 2 € A§ \ Ag, and this contradicts Lemma A. 9(b) included 
in the Appendix. Then we can find a± = x\ < x 2 < • ■ ■ < x n = a 2 such that 
Xi G Aq U So and — Xj < 5. So we get, by (8.7), 

E((V(a 2 ) - V{ax) - (a 2 - ai))%{^x}|^vj 

= E V ( X i+l) ~ V ( X i) ~ (^+1 ~ X i) X{k^K}X{r k <?} 



3.18) 



,i=l 



- 'h E [^2^ Xi + 1 ~ X i)^{HK}X{r k <9}\^r k 



From (8.15)-(8.18) and from (8.11), (8.8) and (8.9) we obtain that 
\V^(X^)-V^(X^)\ 

(8-19) 

* 4(2^3) + 8(^f + ° " 

And so from (8.14) and (8.19), we have using (8.10) and Lemma A. 9(c) 
included in the Appendix, that 

A0-1 _ _ \ 

\V* k0 {o)-V^{a)\<E a [ l^fi(*^)-^ OC°)l 

V fc=0 / 

^ , ( 3e 



v 4(2fco + 3) 8(M + 2) 
+ ^E a ((xl k °-xl%) X{7k<9} ). 

So we have proved (8.12). 
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Let us prove now that 
(8.20) ma X |K(x)-^ fco (x)|< £ /4. 

Given any initial surplus x > 0, consider the process X t with initial value 
x. Since the processes X t k ° and X* coincide up to Tfc A r, 




< E x {e- c ^^\V«{Xl A9 ) - V^{Xl ? )\) 

(8.21) 

= E x (e- c ^)\ V7T (X: koA9 ) - V Wo (X: koA9 )\ X{Tko<9} ) 
= E x (e~ CT *°)V(x). 

Consider the process defined in Lemma 2.1, as the process corresponding 
to Xt without claims and without paying dividends, but starting at Yq = 1. 
When the process XJ arrives the fcoth time to Ag, it should have already 
passed ko — N times through intervals of the form (c a ,a) with a G As- So 

T ko > T fco _7v := min{t : Y? > e^~ N ^}. 

Let 7t be the investment policy corresponding to the strategy ir. We have 
using Ito's formula that 

g{e (ko - N)u )E(e~ cTk o-N) _ g (i) 

J o e- cs (a 2 7 2 s (Y:) 2 g"(Y:)/2 

+ (p + r ls Y?)g'{Y?) - cg{Y:)) d^j < 0, 

so we get 

E(e~ CTk o) < E(e- cTk o-») < g(l)/g(e {k °- N)u ) < g(l)/g(e M ) < e/{4V{x)) 

and from (8.21) we obtain (8.20). 

We get the result combining (8.12) and (8.20). □ 

Remark 8.12. From Propositions 8.5 and 8.11, we conclude that the 
optimal strategy for large surpluses is to pay out as dividends the amount 
exceeding a* = max Aq ■ 



Remark 8.13. Propositions 8.6 and 8.8, Remark 8.9, and the fact that 
the derivative of the optimal value function should be one in Ao U Bo, sug- 
gest a method to construct the optimal value function in the case that the 
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optimal dividend payment policy has the structure of a finite band: we could 
construct the value function of the best one-band strategy, the best two-band 
strategy, etc. as candidates of the optimal value function. If any of these can- 
didates is a viscosity solution of (3.1), it should be V. We use this method 
to find the optimal value function in the examples of the next section. 

9. Numerical examples and final remarks. In this section we present 
numerical approximations of the optimal value function V. In order to do 
this, we obtain as a first step an approximation of the function W using the 
fixed-point operator defined in Proposition 6.1; it is not possible to use an 
standard approximation scheme because of the lack of both the ellipticity of 
the equation (6.1) and the boundary condition at zero. 

We construct two examples of optimal value functions. In one example 
the optimal dividend payment policy is barrier and in the other it is not. 

Example 9.1. We consider the exponential distribution F{x) = 1 — e~ x 
and parameters p = 4, f3 = 1, c = 0.5, r = 0.3, a = 2. We first obtain numer- 
ically, using Proposition 6.1, the function W and we get that the derivative 
reaches the minimum at y = 4.846. Then, we prove that the value function 
V\ of the optimal barrier strategy is a solution of (3.1) and so, by Proposition 
7.8, V = V\ and V is twice continuously differentiable. 

We show in Figure 1 the function V(x) — x and in Figure 2 the optimal 
investment policy J*(x) for x E [0, y]. Note that, according to Proposition 
6.3(b), 7* = 1 for small surpluses. 

EXAMPLE 9.2. We consider the following claim distribution: 

ro, if xe [0,7/10], 

F(x) = < (10/3)(x - 7/10), if x € (7/10, 1], 
I 1, ifx>l, 
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and parameters p = 1.6, (3 = 1, c = 0.3, r = 0.2, a = 1. 

We prove that the derivative of the function W of Proposition 6.1 reaches 
the minimum at zero, so the value function of the optimal barrier strategy 
is V\{x) = x + (c + f3)/p, but in this case V\ is not a supersolution of (3.1). 

We now look for the best two-band strategy. First we obtain numerically, 
using Proposition 6.4, the function 



for each y > 0, where U\ is the unique solution of C*(Ui,W y ) = in (y, oo) 
with boundary conditions U\(y) = W y (y) and U[{y) = 1. Take 

yi = min{y : there exists z > y with V y (z) = 1} 

and z\ with VL(z\) = 1. We get y\ = 0.291, z\ = 2.926 and we can prove 



is a viscosity solution of (3.1). Hence V = V yi because V yi is the value 
function of a limit strategy corresponding to the sets Aq = {0,zi}, Bq = 
(0,yi] U (21,00) and C = (y 1 ,z 1 ). 

We show in Figure 3 the function V{x) — x, in Figure 4 the derivative of 
V and in Figure 5 the optimal investment policy J*(x) for x € (yi,z\). It 
can be seen in Figure 4 that V is not twice continuously differentiable at y\ . 

Let us finally note that in the setting of diffusion approximation [see, 
for instance, H0jgaard and Taksar (2004)], the optimal value function V is 
always twice continuously differentiable, concave and comes from an optimal 
barrier strategy. We see in the last example that this is not always the case 
in the Cramer-Lundberg setting. 
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Fig. 2. 7 for an exponential distribution. 
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APPENDIX: TECHNICAL LEMMAS 

Lemmas for Proposition 5.3. In the following two lemmas we show that, 
in order to define V as a supremum of value function of admissible strategies, 
we can discard the strategies where the surplus stays a positive time at the 
points of a given countable set, and also that V can be written as a limit of 
value functions of strategies whose surpluses are confined in compact subsets 
of (0,oo). 

Lemma A.l. (a) Given x > and x± > x, let us define IL^ 1 as the set 
of 7r € H x such that Xf < x\ for all t > and V xi (x) = sup{V n (x) with 





Fig. 4. V for a non-monotone density distribution. 
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7r G II^ 1 }, then 

lim V Xl (x) = V(x). 

(b) Given xq > x > 0, Ze£ us define n^ ' 00 "* as £/ie sei o/7r € II X suc/i i/iai 
-X? > xo for all t>0 and V Xo (x) = sup{V K (x) with it € U^ ' 00 ^}, then 

lim V Xo (x) = V(x). 

Proof, (a) Given e > consider 7r G such that V(x) < V K (x) + e and 
consider for any xi > the admissible strategy 71"^ € II^ 1 which coincides 
with the strategy tt while the surplus is less than x\, and pay out x\ as 
dividends at the moment r Xl when the surplus reaches x\. Since 

lim eJ / e~ cs dLl )=V w (x), 

there exists x\ large enough such that V(x) — V nx (x) < 2e. 

(b) Take xo € (0,x). We can find an admissible strategy tt € H x -x such 
that V(x — xq) < V 7T (x — xo) + xo- Define the admissible strategy ttq G H x 
which invests xo in bonds and then follows the strategy tt corresponding to 
initial surplus x — xo up to the time t xo = inf{i : < xq}. Then we have 
that V XQ (x) > Vn (x) = V n (x — xo) and the result follows from the continuity 
of V at x. □ 

Lemma A. 2. Given x > and a countable set S C [0, oo), let T1 X (S) be 
the set of all the admissible strategies tt € Tl x such that the set 

{MeUx [0,oo):A7(w) G5}, 

has zero measure. Then V(x) = sup^gn^g) V 7T (x). 
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Fig. 5. 7 for a non-monotone density distribution. 



OPTIMAL INVESTMENT POLICY AND DIVIDEND PAYMENT STRATEGY 45 



Proof. Given e > 0, take tt = (jt,L t ) G n x such that V(x) - V w (x) < 
e/2. Given any a G (0, e/2), consider the stopping times r a = mf{t:Lt > 
a} and tq = inf {t : L t > 0} and the admissible strategy ir a = (7f,L") such 
that the dividend policy consists in paying no dividends up to time r a and 
following the dividend policy Lt — a afterward, and such that the amount 
of the surplus invested in stocks coincides with the amount of the surplus 
invested in stocks in the original strategy. We have that X^ a coincides with 
X? for t G [0,To A t% that X? a - X? G (0,a) if t G (r ,T a A r n ) and that 
X?" - Xf = a if t G [r a ,T n ]. We obtain that T n " > r n and that V n (x) - 
V na (x) <a< e/2, and so V(x) - V na (x) < e for all a G (0,e/2). Note that, 
fixing Xi G S we have that 

l>p( \J {(cj,t):X? = Xi-a})>p( \J {(u,t):X?" = x U T a <t}\ 

\e(0,e/2) ' \G(0,e/2) ' 

and the last union is disjoint. Then the set of a G (0,e/2) such that 

P({(oj,t):X^=Xi,T a <t})>0 
is countable. So, since S is countable, there exists ao G (0, e/2) such that 

P({(oj,t):X^eS,r ao <t}) = 0. 

If t < T ao , then Lj° = and X^ a ° = X^ 7 *' ^ which does not depend on ao- 
Define r° = and call r* the time of the ith claim, we obtain that 

oo 

{(u, t) : X^ G 5, t < r a } = (J {(u, t) : X^ G S, t G [r J A r ao , r l+1 A r ao )}, 

i=0 

but if f G [t* A r ao ,r 4+1 A r ao ), we have that Xj 7 *' ^ is a linear diffusion [see, 
for instance, Borodin and Salminen (2002)], and so 

P({(cj, t) : X^ G S, t G [r J A r ao , r 4+1 A r Qo )}) = 0. 

We conclude that P((w, t) : X^" G 5) = 0. □ 

Lemmas for Proposition 8.5. We need the following result in order to 
prove Lemma A. 4. 

Lemma A. 3. Assume that V'(x) = 1 for some x > and u is an abso- 
lutely continuous super 'solution of (3.1) in (0,x), then u>V in [0,x]. 

Proof. The argument coincides with the one used to prove Proposition 
5.3, but taking admissible strategies tt such that the corresponding controlled 
risk process Xt satisfies Xf < x. □ 

The following lemma gives conditions under which the optimal value func- 
tion V is linear in some interval. 
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Lemma A. 4. Given any y > 0, we define 

EA.lj "vW-\ V ( y) _ y + Xi ifx>y . 

(a) IfUy is super solution of (3.1) in (y,oo), thenU y = V in [0,oo). 

(b) Assume that V'(x) = 1 for some x > and there exists y < x such 
that Uy is super solution of (3.1) in (y,x\ then U y = V in [0,x]. 

Proof, (a) Let us prove first that U y is a supersolution of (3.1). We only 
need to check it at y. In the case that U' y (y~) = V'(y~) > 1 = U' y (y + ), there 
is no test for viscosity supersolution at y and in the case that W y (y) = 1. 
Take q such that 



q/2 < lim inf 



{U y (y + h)-U y {y))/h-l 



h^O h 
< Um (U y (y + h)-U y (y))/h-l _^ 
/i->o+ h 

Since U y is a supersolution for x > y and sup 7€ [ ^ C^(U y , 1, q)(x) is right 
continuous for x > y we have that sup 7e [ ,i] £7 (My, L l)(y) < 0. 

From Proposition 5.3 we get that U y > V. Let us prove now that U y (x) < 
V(x) for all x > y. Given any e > 0, take an admissible strategy tt G Tl y such 
that V n (y) > V(y) — e. For any initial surplus x > y, we define a new strategy 
tt x £ H x as follows: pay out immediately the excedent x — y as dividend, and 
then use the strategy ir. Since tt is admissible, ir x is also admissible. We get 
that, for all x > y and e > 0, 

- e = x - y + V(y) -e<x-y + V n (y) = V nx (x) < V(x), 

and so we get the result. 

The proof of (b) is analogous to the proof of (a) using Lemma A. 3. □ 



Lemma A. 5. If A(xq) < 0, there exists ho > 0, such that the function 
U Xo -h defined in (A.l) is a supersolution of (3.1) in (xq — ho,Xo + ho). 

Proof. Since V is locally Lipschitz, for a small h > and x € (xq — 
ho,xo + ho), there exists K > 1 such that V(x) — V(xo — h)< K(x — xo + h). 
By definition U Xo -h( x ) = ^(^0 — h) + x — xo + h, and so V(x) — U xo -h(x) < 
(K — l)(x — xo + h). Then we obtain that \A(x) — C* ' (U XQ -h)(x)\ < (c + 
2j3)(K — l)(x — xo + h). By assumption, A(xo) < 0, since A is continu- 
ous for h small enough and x £ (xq — ho,xo + ho) we have that A(x) < 0. 
Therefore, there exists ho small enough such that £*(U xo _ho)( x ) < for 
x € (xq — ho,xo + ho), and so we have the result. □ 
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Lemma A. 6. The sets introduced in Definition 8.2 satisfy the following 
properties: 

(a) B is a left-open set, that is if x € B there exists 5 > such that {x — 
5,x]cB. 

(b) A is a left closed set, that is if x n £ A and x n \ x then x € A. 

(c) If (xo,x] C B and xq ^ B then xq G A. 

(d) There is a x* such that (x*, oo) C B. 

(e) C is an open set in [0,oo), that isifOG C, there exists 5 > such that 
{0,5) <zC and if a positive x E C there exists 5 > such that (x — 5, x + 5) CC. 

(f) Both A and B are nonempty. 

Proof, (a) Assume that xq G B. By Lemma A. 5, we can find ho > 0, 
such that the function U X0 _h Q defined in (A.l) is a supersolution of (3.1) 
in (xq — ho,xo], and then, by Lemma A. 4(b), since V'(xo) = 1, we have 
Uxo-h = V at [0, x ) and so (x - h , x ) C B. 

(b) It follows from the right continuity of the function A(x) and V'(x + ). 

(c) Since A(x) is continuous and V'(x + ) is right continuous, we have that 
V'(x£) = 1 and A(x ) < 0. But x B, so either A(x ) = and V'(xq) = 1 or 
V'(xq) > V'(xq) = 1 and A(xq) < 0. In the first case xo € A, let us see that 
the second case is not possible. Since A(xq) < 0, by Lemma A. 5, we can find 
ho > 0, such that the function U XQ -h defined in (A.l) is a supersolution of 
(3.1) in (xo — ho ,xo + ho ) and xo + /io £ Since V'(xo+ho) = 1, we have from 
Lemma A. 4(b) that U xo _h = V at [0, Xo + ho) and so xo € (xq — ho, xo + ho] C 
B; this is a contradiction. 

(d) For each y > let us consider the functions U y defined in (A.l). We 
will show that, if y >p/(c — r), then U y is a viscosity supersolution of (3.1) 
for all x 6 (y, oo), and the result follows from Lemma A. 4(a). Since U' y = 1 in 
{y, oo) we only need to show that £*(U y ) < in (y, oo). Take any 7 € [0, 1], 
since U y is increasing, we have that £ 7 (W s/ )(x) < p + (r — c)y. Hence, the 
result follows with x* = p/(c — r). 

(e) Take x € C, if there is no 5 > such that [x, x + 5) CC, then we can find 
a sequence x n £ AU B such than x n \ x. If there is a subsequence x nfe € *4,, 
then by (b) we get that x € A, and if a subsequence x nfe € £>, by (c) we can 
find a sequence yk £ A with x <y^ < x nfe ; then again by (b) we get that 
x G ^4. Take a positive x £ C If there is no 5 > such that [x — 5, x) C C, 
then we can find a sequence x n £ AL)B such than x n x. Then, V'(x~) = 1 
and then V'(x) = 1. Then, since x G C, A(x) > but since A is continuous 
A(x) = linin-j.oo A(x n ) < 0, and this is a contradiction. 

(f) It follows from (c) and (d). □ 

Lemmas for Proposition 8.8. 

Lemma A. 7. The optimal value function V is a viscosity solution of 
C*(V) = on the open set C. 
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Proof. It follows from (3.1) that V is a viscosity supersolution of 
C*(V) = 0. Let us prove that it is a viscosity subsolution of C*(V) = in C. 
First consider x G C with 1 < V'{x + ) < V'(x~). Take any d G (V'(x + ),V'(x~)); 
we have that 

(V(x + h) - V(x))/h - d 
hmsup = — oo 

h-+0 h 

and then, for any q, 

maxjl - d, max (a 2 x 2 ^ 2 q/2 + (p + rxj)d - M(V)(x))\ > 0, 
I 76[0,1] J 

so, since d > 1, we have that 

(A. 2) max (a 2 x 2 j 2 q/2 + (p + rxj)d - M(V)(x)) > 0. 

7 6[0,1] 

Since this holds for any q, taking a sequence q n — > — oo, 

pd - M(V)(x) > for any d G (V'(x + ), V'{x~)) 

that implies pV'(x + ) - M(V)(x) > 0, and so (A.2) holds for any d G 
y(rc~)] and any q. So V is a viscosity subsolution of C*(V) = at x. 

Next consider iGC such that V is differentiable with 1 < V'(a;). We have 
d = V'(x) > 1, and then 

max] 1 — d, max (a 2 x 2 ^ 2 q/2 + (p + rx>y)d - M(V){x)) \ > 
I 76[0,1] J 

implies that 

max (0-V7V 2 + (P + rx-f)d - M(V)(x)) > 

76[0,1] 

and so V is a viscosity subsolution of C*(V) = at x. 

Finally, the case in which 1 = V'(x) and A(x) > cannot happen by Lem- 
ma 8.3. □ 

Lemma A. 8. (a) Given x\ > 0, there exists a unique absolutely contin- 
uous, increasing viscosity solution of 

(A.3) £*{U,V)=0 

in (xi,co) that is differentiable at x\, with boundary conditions U(x\) = 
V(xt) and U'ixt) = V'(xi) = 1. 

(b) Let (x\,X2) with x\ > be a connected component ofC, the function 
U defined in (a) coincides with V in [x\,X2\- 

(c) The optimal value function V is a classical solution of C*(V) = on 
the open set C. 
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Proof, (a) The existence of U follows from Proposition 6.4. Let us 
prove the uniqueness. Given an interval (xi,y), with arguments similar to 
the ones used in the proof of Proposition 4.1, it can be proved that, if a 
supersolution of (8.6) is greater than a subsolution of (8.6) in the boundaries 
of the interval, it is also greater in the interior. From this result we conclude 
that, if u and u are supersolution and subsolution of (8.6) with u(x±) = 
u(xi), then 

max {u(x) — u(x)} <max{0,u(y) — u(y)}. 

xe[xi,y] 

Let us take w and w supersolution and subsolution of (8.6), respec- 
tively, with w(xi) = w(x±) = V(x\) and w'(xi) = w'(xi) = V'(xi), and define 
w £ (x) = w{x) + e{e^ + ^' p ^- x ^ - 1). Since /^(e^M^i) - 1) > 0, we ob- 
tain that is also a subsolution with w e ( x i) = V( x i) and u^.(xi) = V'(xi) + 
e(c + P)/p > V'(x\). Then, since w e (x) — u(x) is positive for x G {xx,x\ + 5) 
for some positive 5, we have 

max {u^(x) — u(x)} < max{0, w E (y) — u(y)} = w £ (y) ~ u(y), 

xe[xi,y] 

so we obtain that max x& t xi ^{w e (x) — u(x)} = w e {y) —u(y), and so w^{x) — 
w{x) is increasing and positive for all x > x\ and e > 0. Then w(x) > w(x) 
for all x > X\. 

[(b) and (c)] We showed in Lemma A. 7 that V is a viscosity solution of 
C*(V) = on the open set C, so let us show now that V is twice continuously 
differentiable. In the case x\ = 0, the result follows from Proposition 8.6, 
and in the case x\ > 0, we have that V'{x\) = 1, and the result follows from 
Proposition 6.4(a) and (b). □ 

Lemma for Theorem 8.11. 

Lemma A. 9. Given 5 > 0, we can find a finite set As C Ao and a number 
? > satisfying: 

(a) (a — a) C Co for all a £ As. 

(b) {aeAo:a- max(A) <~l [0,a)) > 5} C As- 

(c) #A S < 2x/S. 

PROOF. Consider A = {a G Aq : there exists c a < a with (c a , a) C Co} and 

V = {a £ A : (a - a) C A U B for some i? > 0} C So- 
Let us prove first that if {xq, x\) P\Ao ^ (j), then (xq, x\) Pi A ^ 4>. In the case 
that (xq, x\) P\Co = (ft, then (xo, x{) C Bq and this is is a contradiction. In the 
case that [xq, x{) nCo 7^ 4>, since Co is open, there exists c G (r\,T2) C Co with 
fi,r2 £ Cq; if r\ < xq < x\ < V2, we have a contradiction because (xq,xi) C 
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Co; if V2 < X\ and € Ao, we have that € A; and if xq < n < Xi < r^, 
the interval (xo,ri) cannot be included in Bq because we would have that 
(xo,xi) C Co U Bq, so there exists c € Co (~l (xq, n), take a = sup(Co n (xq, n)) 
then a G (xo, X\) Pi A 

Let us prove now that (Ao U V) C (U a gyf ( Ca ' a + ^) ) u (Udgx> (d — 5,d + 5)). 
In effect, given ao £ .4o \ -A, we have that (ao — 5, ao) is not included in Co- 
Then (ao — 5, ao) PI Ao ^ 4>, because if (ao — 5, ao) C Bo then ao € Bo and 
if c G Co n (ao — 5, ao) ^ (f>, the right boundary of the connected component 
of Co containing c belongs to Ao- Hence, (ao — 8, ao) D Ao ^ <fi, and then 
(ao — 5, ao) C\A ^ (p. Take a S (ao — 5, ao) C\A, and we have that ao € (ca, a + 5). 

Since .Ao U ^ is a compact set, we can find finite sets A' s C Ao and C 
V such that (A UP)c (Uae^( c «' + 5 )) u (Udg B ,( d -S,d + S)). Finally 
consider the set As obtained from A' s removing some points in such a way 
that the distance between two consecutive points is larger than 5/2 and 
adding the set {a E Ao '■ a — max(Ao H [0, a)) > 5}. Take <j = minag^ (a — c a ). 
□ 
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